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ABSTRACT 


This study was motivated by the increased emphasis being 
placed on geometry in mathematics programs of elementary schools. The 
main purpose of this study was to make suggestions for and to provide 
examples of activities for elementary grade children. Since those 
activities were to centre around spatial abilities, a secondary pur- 
pose of the study was to investigate the development of some aspects 
of spatial abilities in young children. 

One hundred children from playschools, kindergarten, Grade I 
and Grade II were individually administered four tests on spatial 
abilities dealing with the areas of Topological, Euclidean, and Pro- 
jective Space and a test on the Co-ordination of Perspectives. A total 
of seven items from the tests of Topological and Euclidean Space required 
children to draw two-dimensional shapes by using pencil and paper. In 
order to compare the responses represented by pencil and paper with 
some other mode of representation 95 different children represented 
those same shapes by using strips of plasticine. It was found that 
there were no significant differences in the mean scores of the two 
groups. 

The remaining analyses centered around the responses of the 
100 children who were administered the tests of Topological, Euclidean 
and Projective Space and the Co-ordination of Perspectives. No signif- 
icant differences existed on the variable of sex on any of the tests. 
Age was significantly related to the various aspects of spatial 
abilities. 

On the test of Topological Space the mean scores on the cate- 


gories of closure, proximity and separation were not significantly 
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different. Ordering from a 'figure-eight' configuration was most 
difficult for younger children. 

The categories on the Euclidean Test which required accuracy 
of lines and angles were significantly more difficult than categories 
of closure, and presence of angles and lines. The categories dealing 
with horizontal and vertical transformationswere quite difficult for 
younger children. 

Constructing oblique lines, as investigated on the test of 
Projective Space, was found to be significantly more difficult than 
constructing straight lines near the edge or across the centre of the 
base. Older subjects responded with a much greater degree of accuracy 
than younger subjects. 

On the test of Co-ordination of Perspectives two of the four 
views which the subject was required to imagine contained one less 
object than the view from the subject's position. The accuracy of 
responses on those positions was significantly less than on the positions 
containing the same number of objects as the subject's viewpoint. It 
was not found, however, that older subjects did significantly better in 
responding to the most difficult positions. 

There was general agreement across the tests of Topological, 
Euclidean and Projective Space regarding the age at which topological 
and Euclidean spatial abilities develop in young children. However, 
the ability to represent straight lines and angles, without attention 
to length and size, appears to be no more difficult than topological 
properties. 

Several suggestions were made for further research. The final 
chapter contained suggestions and sample activities for elementary 


school mathematics. 
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CHAPTER I 


INTRODUCTION AND STATEMENT. OF THE PROBLEM 


Mathematics in primary and elementary grades traditionally 
consisted of a division of mathematics termed arithmetic. Geometry 
and algebra were usually reserved for secondary grades. During the 
past two decades emphasis has been on the unity of mathematics which 
has resulted in geometry being included in the mathematics curriculum 
of the elementary school. 

The difficulty in this connection has not been whether to 
include geometry but rather what geometry should be included in a 
mathematics program for young children. Most current elementary 
mathematics programs have adopted the geometry of the secondary school 
programs and stated the ideas in a simpler way. The result has been 
that elementary grade children are being taught Euclidean geometry 
sequenced to correspond not to the cognitive processes of the learner 
but primarily to the logical development of the discipline of mathematics. 

It is doubtful that young children can benefit from such an 
approach. It is considered as a meaningful and an enjoyable activity 
for young children to play games with concrete objects but it is doubt- 
ful that such young children as are normally found in the elementary 
grades can benefit greatly from a game involving abstractions in rules, 
assumptions and generalizations. This is what learning mathematics has, 
perhaps necessarily, become. Mathematics is a game for mathematicians. 
But surely, activities in mathematics, as in other disciplines, must be 


so devised that in addition to having relevance to the discipline they 
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must also aid in the child's development. If a child has not developed 
to the point of reasoning abstractly, then activities demanding this 
kind of thinking may not be very helpful. 

A more suitable approach to mathematics in the elementary grades 
might be based on the ‘normal’ development of the child. Such an approach 
to geometry would be based mainly on the child's spatial ability. The 
Ontario Geometry Project - K-13 (1965) contained a similar idea. This 
report stated that "one of our aims in attempting to revitalize school 
geometry is to free it from the restricting aspects of logic and to 
emphasize its active relationship with art and culture (p. 5)". The 
Cambridge Report (1967), dealing with teacher education, suggested 
instruction in spatial relationships and the study of shapes (pp. 8-9). 
In commenting on the idea of spatial abilities Lovell (1971) writes, 
"There is little doubt that spatial work has in the past, been ne- 
glected in the education of young (p. 69)". Elaborating on this point 
he states: 

Children, however, are unable to grasp abstract 
structures, so if we want to stress them we must find 
concrete realizations of such structures in the real 
world. Spatial relationships are often rich in such 
structures at varying levels of difficulty (p. 69). 

Lovell suggests that the approach to geometry through a 
point-line-set theory has no place in the elementary school. Copeland 
(1970) expresses a similar viewpoint. He prefers, as do Dienes (1960) 
and Lovell (1971), to approach geometry through familiar settings and 
everyday experiences. 


The suggestions for geometry activities expressed by Copeland, 


Dienes, and Lovell emerge from the research and theory of Jean Piaget 
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(1960a, 1960b, 1967). Only since the changes in mathematics which 
resulted in the term 'new mathematics’ have Piaget's ideas on the 
nature of the learner and the nature of learning been studied by 
mathematicians and mathematics educators. It is felt that Piaget's 
ideas on spatial abilities have implications for suitable geometry 


acitivities for elementary grade children. 


I. PURPOSE OF THE STUDY 

The main purpose of this study was to make suggestions for, 
and provide examples of, geometry activities for elementary grade 
children. These suggestions were based on the findings from research 
on child development and especially from the study of the subject's 
Spatial abilities. A secondary purpose, therefore, was to investigate 
some aspects of the development of spatial abilities in Playschool, 
Kindergarten, Grade I and Grade II children by studying the subject's 
responses to tasks in the areas of Topological, Euclidean and Projective 
Space and a test on the Co-ordination of Perspectives. 

Attention was given to the following: 


(a) Differences in two modes of representation of geometrical 
shapes. 


(b) Relative difficulty of various aspects of spatial abilities 
in the various areas being tested. 


(c) Order in which spatial abilities develop in children. That 
is, whether the order is Topological, Euclidean, Projective 
or some other order. 

II. STATEMENT OF THE PROBLEM 
The basic problem was concerned with obtaining information 


to assist in developing geometry activities in elementary grades. The 


position taken in this study is that elementary geometry must be con- 
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cerned with the spatial abilities of children. Spatial abilities were 
investigated by examining subjects’ responses on the test items in the 
areas of Topological, Euclidean and Projective Space and the Co-ordi- 
nation of Perspectives. 

A number of test items required that pupils draw geometric 
shapes. In regards to those drawings it is conceded that inaccurate 
responses may have resulted because of the limitations of the subject's 
motor integrations. Therefore exercises which did not form a part of 
any test were given to all subjects to indicate any gross deficiencies 
in this connection. Research reported by Piaget and Inhelder (1967) and 
Olson (1970) indicates that for all other subjects drawings which are 
of a fairly primitive nature offer a good indication of a child's 
Spatial ability. 

An advantage of the use of drawings arises from the fact that 
every drawing must necessarily possess topological and Euclidean pro- 
perties. This, in conjunction with the presence of topological pro- 
perties in the test of Projective Space, provided an opportunity to 
investigate not only the topological aspect of the responses within a 
single test but also a subject's response relative to topological pro- 
perties across the three tests of Topological, Euclidean and Projective 
Space. Suppose, for example, that a subject were successful in regards 
to topological abilities on all three tests but unsuccessful in the 
areas of Euclidean and projective space. This finding that the 
topological aspect is so pronounced would permit more definitive 
conclusions regarding the spatial abilities of that particular subject. 

The order in which spatial abilities develop in children was 


also investigated. On the basis of a subject's existing spatial abilities 
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and the order in which spatial abilities develop in young children 
geometry activities were suggested. Using this approach, geometry for 
the elementary grades could be sequenced to provide experiences which 
would aid in the development of spatial abilities. Those abilities could 


in turn be applied to the appropriate area of structured mathematics. 


III. DEFINITIONS 


Closure. A drawing in two-dimensional space is closed if 
each of its components is formed by a continuous set of points with 
no intervals. 

Proximity. The relative location of components of a model 
represented in two-dimensional space. It concerns the 'nearness' of 
one component to the other. 

Separation. Components of a model represented in two-dimen- 
sional space having not more than one common point. 

Topological Space. Space characterized by the attention 
given to proximity, order, separation and closure of an object or its 
pictorial representation. Topological ability of a subject is not 
considered to be influenced by his attention to the notions of rigid 
shapes, distances, and angles or to mensuration and projective relations. 

Euclidean Space. Space characterized by attention to angles, 
distances, proportions and parallels, and the ability to operate in a 
co-ordinate system. Euclidean Space presumes the co-ordination of the 
actual locations relative to which other objects are moved. : 

Projective Space. Space characterized by the ability to view 


an object or pattern in relation to a point of view other than that of 


the observer. 
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Co-ordination of Perspective. The integration of Topological, 


Euclidean and Projective spatial abilities. 

Pre-Operational Thought. Thought which is not reversible and 
which has not developed to an extent to overpower the child's perceptual 
field. Possesses static and passive characteristics. Thought which is 
not systematized. 

Operational Thought. Thought which is characterized by the 
ability to reformulate, in reverse, the various stages in the solution 
of a problem. It is not predominated by perceptual influences. More 
mobile and active then pre-operational thought. 

Group I. One hundred subjects to whom the tests of Topo- 
logical, Euclidean, and Projective Space and Co-ordination were 
administered. 

Group 2. Ninety-five subjects who represented the shapes in 
the Topological and Euclidean tests by using plasticine. 

Developmental Scale. Scale derived on the basis of category 


difficulty for each test used in the study. 


IV. MAJOR HYPOTHESES 
The responses were investigated to determine the development 
of the subject with respect to spatial abilities. On the basis of this 
investigation suitable geometry activities for elementary grades were 
suggested. 
In the process of investigating the subjects’ responses a 
general analysis will be reported and in addition the following 


hypotheses will be tested: 
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1. There is no significant difference between results obtained 
for boys and girls on the test of 


(a) 
(b) 
Co) 
(d) 


Topological Space 
Euclidean Space 
Projective Space 


Co-ordination of Perspectives 


2. There is no significant difference between 


(a) 


(b) 


the mean scores on each of the categories of Closure, 
Separation, and Proximity on the test of Topological 
Space. 


the distributions on each division on the developmental 
scale for the test of Topological Space. 


3. There is no significant difference between 


(a) 


(b) 


the mean scores on each of the categories of Closure, 
Presence of Angles, Presence of Straight Lines, Accuracy 
of Angles, Accuracy of Straight Lines, on the test of 
Euclidean Space. 


the distributions on each division on the developmental 
scale for the test of Euclidean Space. 


4. There is no significant difference between 


(a) 


(b) 


the mean scores on each of the categories of Line 
Parallel to the Edge, Central Line and Oblique Line on 
the test of Projective Space. 


the distributions on each division on the developmental 
scale for the test of Projective Space. 


5. There is no significant difference between 


(a) 


(b) 


the mean scores on each of the four positions on the test 
of Co-ordination of Perspectives. 


the distributions on each division on the developmental 
scale for the test of Co-ordination of Perspectives. 


V. LIMITATIONS 


Since some of the test items used in the study required sub- 


jects to respond by drawing it would have been helpful, in the inter- 


pretation of the statistical analysis, if the extent of motor ability 


could have been distinguished. The decision to require subjects to 
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draw the models was made after a number of considerations. Piaget and 
Inhelder (1967), in an experiment involving a similar test, report a 
"fairly close correspondence between the stages reached in figure con- 
struction irrespective of whether matchsticks or drawings are employed 
(p. 78)". In another experiment by Piaget (1967) the subjects were 
required to choose from a number of cards the one which was a dupli- 
cation of the model card. Piaget reports dissatisfaction with this 
procedure since he found it difficult to assemble a set of cards which 
distinguished between very easy and too difficult choices. To help 
overcome this problem the shapes in the tests of Topological and 
Euclidean Space were represented by drawing with pencil and by forming 
the same shapes by using plasticine. The responses on the two media 
were compared. 

The sample size was insufficient to permit categories on the 
basis of intelligence scores. Hence, any conclusions are generalized 
at most to urban children of ages four to eight years of a middle I.Q. 
range. 

There may have been much variety in the past experiences of 
the sample included in the study which may have influenced the results. 
Insufficient information was accessible to consider this as a variable 
in the analysis. 

The findings were interpreted on the basis of the theoretical 
background. However, because of the complex nature of child develop- 
ment and the uncertainty attached to the present theories of cognitive 


development some of the conclusions are not very definitive. 
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VI. SIGNIFICANCE OF THE STUDY 

Piaget and Inhelder (1967) report a detailed and comprehensive 
study of the child's concept of space. Other investigations (Page, 
1959; Lovell, 1959; Peel, 1960; Laurendeau and Pinard, 1970) have 
replicated some of Piaget's experiments with a view to investigating 
further the spatial abilities of young children in relation to the more 
global aspect of child development. 

This study is considered to derive significance from the fact 
that little research has been carried out in the area of children's 
spatial abilities as they relate to elementary geometry. It is con- 
sidered desirable to have more knowledge in this area to assist in 
suggesting suitable kinds of geometry for elementary grades. 

‘Long range significance of this and similar studies is that 
such studies should provide information to permit developing a mathe- 
matics curriculum which is to a greater extent congruent with the 
development of children. Further, such information when implemented 
at the instructional level should assist children to derive increased 


benefits from their experiences in mathematics. 


VII. THE EXPERIMENTAL SETTING 

The following is an overview of the experimental design. A 
more detailed account is reported in Chapter III. 

The sample of one hundred and ninety-five subjects, ranging 
in age from 47 to 103 months, was randomly chosen from a population of 
urban children attending schools administered by the Edmonton Public 
School Board, Edmonton, Alberta. For testing purposes the sample was 


randomly divided into two groups of 100 subjects and 95 subjects 
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respectively to permit comparison on different media used in represent- 
ing shapes. 

Tests of Topological Space, Euclidean Space, Projective Space 
and a test of Co-ordination of Perspectives were constructed by the 
investigator for use in the present study. The theoretical framework 
and some test items were derived from the work of Piaget and Inhelder 
(1967). These tests were administered individually, after a short 
training session, to each of the group of 100 subjects. These subjects 
were required to represent the shapes which constituted items l, 2, 
and 3 of the Topological Test and items 1, 2, 3, and 4 of the Euclidean 
Test by using pencil and paper. They responded to the remaining items 
by using the response apparatus provided. This group of subjects will 
be referred to as Group 1. The 95 subjects who constituted the second 
group were individually administered a single test made up of the same 
items as listed above. Those subjects represented the shapes by using 
placticine. In future reference this group will be referred to as 
Group 2. The shapes represented by the subjects in Group 1, who used 
pencil and paper and the shapes represented by Group 2, who used 
plasticine, were identical except for the mode of representation. The 
only purpose of dividing the sample into two groups was to permit at 
least a tentative conclusion regarding the ability of young children 
to represent shapes by drawing as compared to representation by using 
plasticine. 

An analysis was carried out to investigate the possible 
differences in the modes as related to the representation of geometical 
shapes. The main analysis consisted of an examination of the responses 


in Group 1 who were administered all tests (Appendices A, B, C, and D). 
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The responses were studied regarding their relationship with age and 
sex, the relative item difficulty, and the developmental characteristics 


of various aspects of spatial abilities. 


VIII. OUTLINE OF THE REPORT 

A review of selected relevant literature will be presented 
in Chapter II. Chapter III contains a detailed account of experimental 
design, testing procedures, and the research procedures used to test 
the hypotheses. An evaluation of the testing instruments and the re- 
sults-of testing the hypotheses is contained in Chapter IV. Chapter V 
includes a summary and discussion of the findings and suggestions for 
further research in elementary mathematics. The final chapter, 
Chapter VI, includes some suggestions for and examples of activities 


for elementary grade geometry based on the findings of the study. 
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CHAPTER II 


REVIEW OF RELATED LITERATURE 


The primary purpose of this chapter is to review briefly 
Piaget's work and the related research on the development of spatial 
abilities of young children. Undoubtedly Piaget and his associates at 
Geneva have provided the foundation and the impetus for much of the 
work that has been done in the field of the development of spatial 
abilities. Most research in this area has been carried out by psychol- 
ogists and hence have been generally concerned with only psychological 
implications (Elkind, 1964; Olson, 1969; Smedslund,196la; Page, 1959; 
Kersnher, 1971). More recently people who have expressed interest in 
mathematics education (Lovell, 1971; Adler, 1968; Copeland, 1970; Almy, 
1966) have studied the results of investigations into children's 
spatial ability from a viewpoint of implications for mathematics cur- 
riculum in the elementary grades. This research is also briefly 
reviewed in this chapter. 

In addition, Piaget's position on the acceleration of learn- 
ing will be presented and research dealing with this aspect of learning 


will be discussed. 


I. THEORETICAL BACKGROUND AND RELATED RESEARCH 


Piaget and Spatial Abilities 


Piaget's definition of knowledge indicates that to know an 
object is to construct or reconstruct it, "to transform it and to under- 


stand the process of this transformation (Piaget, 1967, p. 8)". There 
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is, then, a kind of knowledge related to the actions by which the sub- 
ject transforms the object. It refers to an active aspect of the 
internal structure through which reality is assimilated. It is termed 
operative knowledge. A kind of knowledge which focuses on the static, 
figural aspect of a given situation is termed figurative knowledge. It 
is related to the direct or pictorial perception of the successive states. 
It does not involve operational actions. The operative aspect of know- 
ledge is dependent upon intelligence, the figurative aspect is depen- 
dent upon perception. 

This distinction of a dual system of knowledge also has 
application to Piaget's claim regarding the development of spatial 
abilities in young children. "... the evolution of spatial relations 
proceeds at two different levels. It is a process which takes place 
at the perceptual level and at the level of thought and imagination 
(Piaget and Inhelder, 1967, p. 3)". 

Piaget states that together with perception and motor 
activities a child's sensori-motor space begins to evolve from birth. 
This space continues to develop by being superimposed upon various pre- 
existing spaces. When this total spatial organization results in new 
mental structures made possible by speech and symbolic images the 
child's spatial abilities undergo a massive change marking the beginning 
of representational or imaginative space. At this stage in the child's 
development, Piaget claims, there is no smooth, progressive continuation 
of the abilities which developed in the sensori-motor stage but rather 
there is redevelopment of those abilities in terms of the mental 


structures which the child now possesses. 
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This claim by Piaget seems to form the basis of his work on 
the child's conception of space. It is the investigation of represen- 
tational space which is of interest in this study. 

Piaget describes sensori-motor space as a space which is 
practical and organized for that particular stage of behaviour. The 
absence of the use of symbols prevents the subject from being mentally 
able to construct it. This space consists of reflexes and the acquisi- 
tion of primary habits. The most elementary spatial ability which can 
be grasped by perception is proximity or the 'nearness' of elements in 
the perceptual field. The relationships of separation, order, enclosure, 
and continuity also develop early in the sensori-motor stage. Another 
stage of development is marked by co-ordination of vision and grasping. 
This co-ordination permits the handling of objects and the permanence 
of objects and the constancy of shape and size is realized by the child. 
Later, around the beginning of the second year, relationships of objects 
are explored. 

Lastly,...,with the appearance of the rapid inter- 
nalized co-ordinations which denote the full intelligent 

act, there comes into being for the first time, the mental 

image.... The symbolic function thus evolved facilitates 

the acquisition of language or a system of collective 

signs. Hence from being purely perceptual, space has 

become partly representational... (Piaget and Inhelder, 

19.67 poe U2) 5 

Spatial representation is not to be confused with spatial 
actions or mere imagination. Spatial representation is an internalized 
action. 

Spatial concepts can only effectively predict those 
results (or actions or objects) by becoming active them- 
selves, by operating on physical objects, and not simply 


evoking memory images of them. To arrange objects 
mentally is not merely to imagine a series of things 


ek lokilwsonge 6 20 Sacha a ike A a -gadbx>eeb Sog6kt as Gy 
oi ewokvsied do agate weLyo td tag teds xo? bostangto: ine Létsonam 
_ giileaneo guts ox? Asetdua sd einaverq elodme Io sau eda ‘ip. abahedin a: 
+ketupos of bas goxolts to ejaleqoo soaqe: @iAT .2k Jowrsenos of sids 
nso doldw yotiids Letieqe yiszasmsso. seom ont .edtded ytamisg to ack? 
at etnsmets to ‘saenisen’ out To ysintxorg ei noligso1sg yd beqes ig. od 
~atusolone ~Isbr0 -notseyéqse io eqtdenoitsio: sdT «biel? Isudqeo%sq add 
teftosA .9gete xOtom-rxroetee od3 ok yitss qolsveb coals eatwaksac Bae 
-gniqestg bus cakety to nolsentbro-oo vd hatxan et Jasmypoleveh to syste 
sanenamisq 9/19 ban etostdo to gniibaed silt ettmrag notyentbre+e9 atdT 
-bibds 9d yd bestises eb aste boa sqada lo yoratenoy odd bas ejoatdo to 
gizstdo to aqivanotieles .taey, bnasse aig to sntonkged oft Savors sted : 
-bs10lqxe 918 
-tstnt bigs sig Jo sanmrasgqe aud) dy dey sine eo AoE 
Jnogkiiejas hos sd3 siongb dotiw etotisnibse-oo beslisn 
feanem 934, sky Jeit? efi sot gnisd otni asmoy otedt ,I08 ua 
eets3kirosi svlove 2. folssnyh otladeye sd. ... .9gaat 
gvidoelfoo. io metave & ~o sgaughst to nobstebupss add = 
asfisseqs .iaeiqsoreq vletvq gaied:mott sonsH .amgie 
etabisrist bag jJagert) .. -lgnolsetnees3gs yvisiseq sm0ned+ = 
«(SI sq .VORE 
fstisqe diiw beauties sd op Jon at cokssansestgss Letisge 


bosilanisink ne et anki sinsestq7 istieqe -nottentgsmt — to anton 


15 


already set in order, nor even to imagine the action 

of arranging them. It means arranging the series, 

just as positively and actively as if the action were 

physical, but performing the action internally on 

symbolic objects (Piaget and Inhelder, 1967, p. 454). 

It is during the development period from sensori-motor to 
representational space that the child progresses from a somewhat passive 
relationship with a perceptually dominated field to a more active role 
controlled by thought and reversible activities. It is not to be assumed, 
however, that this development is a rapid or a sudden occurence. Piaget 
notes that the spatial structure of a child at the sensori-motor level 
may attend to various details of a topological and Euclidean nature. 

He maintains, however, that these abilities are not automatically super- 
imposed on the child's mental structure at the time of the appearance 
of speech and symbolic images; that is, at the beginning of represen- 
tational space. Piaget and Inhelder (1967) writes: 

Although representational space benefits from and 

has its imagery enriched by forms already developed by 

perception, it has nevertheless to reconstruct on its 

own plane, and in the same order of succession the 

elementary spatial relationships, first topological, 

then Euclidean and projective (p. 42). 

Piaget believes that elementary textbooks writers need to be 
cognizant of this aspect of spatial development. It is not correct, 
Piaget states, that because a child can recognize a straight line, a 
square, a triangle, or other geometric shapes that he, therefore, has 
the mental structures necessary to imagine or to represent those shapes. 
Nor can it be assumed that if a child has the ability to represent one 
aspect of space that he has ‘arrived' at that particular stage of 


development. Research (Piaget and Inhelder, 1967; Laurendeau and 


Pinard, 1970) indicates that a particular stage of development in which 
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a child is classified depends on the nature of the total spatial field 
which the child is investigating. This slow development, according to 
Piaget, covers the period of the child's life from approximately the 
age of two to seven years. It culminates in operational space. 

Paager analysed the spatial abilities of young children by 
investigating three types of relationships based on contemporary 
geometry. One type was a study of topological relations involving 
enclosure, proximity, separation and order. In this study Piaget's 
subjects ranged in age from just over two years in an investigation 
of haptic perception to nearly twelve years of age in a test designed 
to provide information on the child's idea of points and continuity. 
Piaget investigated the aspects of topological space by requiring 
subjects to draw geometric shapes, by using a number of articles of 
clothing on a line which the subject was required to duplicate, by 
studying the child's ability to tie knots, and his idea of a smallest 
possible square and a shortest possible line. 

The second relationship studied by Piaget concerned metric 
relations or Euclidean space based mainly on distance and shape. This 
was investigated by requiring children to draw geometric shapes or to 
form the shapes by using matchsticks, by investigating children's abil- 
ities to operate in a co-ordinate system by exposing them to affine 
transformations on the rhombus, and by requiring the subjects to pre- 
dict the shape a contained liquid would assume when the container was 
tilted. Added to this last test was a model of a boat with a mast and 
both tests were used to test vertical and horizontal concepts. 

The third relationship studied by Piaget was projective space 


in which the concept of the straight line served as the basis of spatial 
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relationships. Piaget used a number of tests in studying this relation- 
ship since in addition to the projective relationship itself he was 
interested in the development of the projective ability of young chil- 
dren relative to the development of the ability to operate in Euclidean 
space. To study this latter concern Piaget questioned his subjects on 
aspects of location on a plan of a model village. To investigate pro- 
jective abilities and the co-ordination of perspectives Piaget used a 
test of the projective straight line, projection of shadows, geometric 
sectioning, and the rotation and development of surfaces. 

The responses to the tests were not judged by Piaget to be 
right or wrong but were rather considered as an indication of the 
development of the subjects’ spatial abilities. Piaget's findings 
indicated that there is a primacy of topological abilities (around 
6-7 years) over Euclidean and projective abilities in young children; 


the latter two developing simultaneously (around 7-8 years). 


Other Related Research on Spatial Abilities 

The most comprehensive and detailed replication of Piaget 
and Inhelder's experiments on the spatial abilities of young children 
has been done by M. Laurendeau and A. Pinard (1970). The five tests 
which they used were almost identical to those devised by Piaget. They 
were concerned with stereognostic recognition of objects and forms, 
construction of a projective straight line, localization of topological 
positions, concepts of left and right, and co-ordination of perspectives. 
The same tests were administered to 50 children at each age level 
between the ages of two and twelve years, distributed at six-month 


intervals up to the age of five years and at twelve-month intervals 
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thereafter. In the introduction to their book Piaget credits 
Laurendeau and Pinard with having a "complete understanding of the 
hypotheses under consideration, and a continually alert critical sense 
which prevents them from adopting these hypotheses before having 
examined all possible objections and tested every conceivable inter- 
pretation (Introduction, p. 1)". 

Laurendeau and Pinard found no significant differences due to 
sex. They share somewhat Lovell's (1959) challenges of the genetic 
primacy of topological relations. They appear reasonably satisfied 
that there seems in such cases to be a weak décalage in operations but 
“which in all cases gives priority to the topological relations (p. 70)" 
over curvilinear-rectilinear relations. They hesitate to draw as 
sharp a distinction as Piaget and Inhelder (1967). Also from their 
data they are often unable to distinguish those operations which may 
be of a Euclidean nature from those of a projective nature. Despite 
the very detailed and careful design and analyses of Laurendeau and 
Pinard's study, the authors are very cautious in the interpretation of 
their findings. Generally, with the exception of the point just men- 
tioned, they agree with the findings of Piaget and Inhelder (1967). 

However, in the conclusion of their book they remark that 
because of the uncertainty concerning horizontal décalages it was 
difficult to connect the findings of the experiment to Piaget's 
theory of intellectual development. 

...the only possible conclusion is that the progressive 

structuring of spatial concepts occurs in a constant order 

of succession....The importance of a certain form of 

regularity is that it testifies to the existence of a 


certain form of organization of intellectual operations 
(Laurendeau and Pinard, 1970, p. 423). 
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Page's (1959) study was an attempt to verify the order of 
succession of stages in spatial development which Piaget established. 
He used a test of Haptic Perception similar to Piaget and Inhelder's 
(1967) test. The sample consisted of sixty children ranging in age 
from two years ten months to seven years nine months. Page's con- 
clusions confirm the primitive character of topological relations and 
the "apparent fact that simple Euclidean forms are not basic, almost 
instinctive, patterns, but are slowly built up from more primitive 
beginnings (Page, 1969, p. 123)". Although Page's findings agree in 
essential details with those of Piaget and Inhelder he may have been 
too conclusive in the interpretations from the results on only one 
Eesitz 

Some researchers have challenged Piaget's report on the 
primacy of topological spatial abilities over Euclidean and projective 
abilities. Most notable have been Lovell (1959) and P.C. Dodwell (1963). 

Lovell's (1959) experiment involved 150 children between the 
ages of two years eleven months and five years eight months, with a 
mean age of four years five months and a standard deviation of six 
months. Twenty-five second year college students were trained as 
investigators. All the answer sheets were marked by Lovell. The 
testing included a replication of Piaget's work on Haptic Perception, 
Treatment of Elementary Spatial Relationships in Drawings, Linear and 
Circular Order Study of Knots, the Projective Straight Line and the 
Co-ordinates of Perspectives. 

Lovell interpreted his data on the Haptic Perception Test as 
indicating little evidence that topological properties enable children 


to identify certain shapes more easily than others. On the next three 
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experiments the results generally agreed with those of Piaget. In the 
Projective Straight Line experiment Lovell reports that the subjects 
were much more advanced than those reported by Piaget. Lovell's final 
conclusion is that further experiments are necessary before it can be 
concluded that the child's conception of space begins with topological 
concepts which are transformed concurrently into concepts of projective 
and Euclidean space. 

Lovell's choice of analysis in his experiment on the pro- 
jective straight line may have contributed to the disagreement with 
Piaget's findings. Lovell paid little attention to qualitative analysis 
of the individual protocols, but rather concentrated on the subject 
being capable or not; a single dimension. A more detailed analysis of 
the subjects rather than the problems may have indicated some important 
findings on the different levels of spatial representation. In this 
connection Laurendeau and Pinard (1970) write, "Unless it is followed 
by an analysis by subjects, the analysis by problems cannot unequiv- 
ocally determine the real significance of certain behaviours (p. 165)". 

Further replication of Piaget and Inhelder's work on the 
spatial abilities of young children was reported by P.C. Dodwell (1963). 
In his study Dodwell investigated the nature of the progression of 
spatial concepts and their relationship with age. The sample, ranging 
in age from five years one month to eleven years three months, consisted 
of 194 Canadian children with an 1.Q. range of 80 to 136, and were 
drawn from all socio-economic levels. Dodwell's tests were similar to 
those used by Piaget and Inhelder (1967) and Lovell (1959). 

Dodwell interpreted his results as generally supporting 


Piaget's assertions concerning the development of spatial concepts. 
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"it was not possible to characterize the great 


However, Dodwell stated 
majority of the children studied as being in any one of the particular 
stages of spatial concept development described by Piaget (p. 161)". 
Dodwell's classification procedure placed most of his subjects in a 
category of 'mixed' behaviour. It appears that this may be due, at 
least in part, to the nature of Dodwell's tests as many of the test 
items had varying degrees of complexity, requiring responses ranging 
from intuitive regulation to genuine operational procedures. This 
being the case, it is surprising that Dodwell did not see fit to dis- 
cuss horizontal décalages as being manifested in the protocols. It 

is also worth noting that since Dodwell was interested in discovering 
a purely topological level of functioning in his subjects, his sample 
should have included those who would be still in the process of con- 
structing their first spatial concepts. Research (Lovell, 1959; 
Laurendeau and Pinard, 1970; Piaget and Inhelder, 1967; Peel, 1959; 
Page, 1959) indicates that subjects younger than five years would have 
been necessary. 

Research by Shantz (1971) and Williford (1970) report findings 
regarding age differences which are inconsistent with most studies on 
spatial abilities. Both reported no significant differences between 
age groups on the criterion measure. Shantz's investigation involved 
the prediction of object location on a test of the co-ordination of 
perspective. The testing situation appeared highly contrived and this 
may have created some of the décalage for some subjects. In the 
Williford study the subjects were to respond to test items following 
a teaching unit on the concepts of rigid motion and congruence. 


Insufficient information is given in the article concerning the teach- 


init dea 
AMABE sq) t9ue89 x4 hee — 
gent etos{tdus ati Jo Jeon sees HES oftso] | 
de ,eub sd ys edd dads aaa aI .svekvsriad pehinaen! : : 
YRod ot Yo yrem es ates a! Tiswbod ab: s1ujen aria 3 “aanq ab tasel 


gotansy 2seneqes? goltiupes ,yitxelqmos to aaprgeP gniyiav bat emest 
eit .estbbss01q Lsnobisisqo salted od notislugss syldtetak aoxd 
“ath 09 d22 eee Joa .brb Ilewbod jsd3 énketigtue er JF .seno edd gated 
31 .alosoto3g odt at cmnatiets gnisd eb esgalec3b Isinostred eae 
getzavooehbh ni boaxe1990! easy Ifowbot oonke ted’ gation Asiow ovfs at 
siqmse aid ,edoe}dve tA ‘nt goiaotiorsl to fovel Iscigologos ylatuq 6 


=—noo io azesde1g sila ni Ifide sd bluow odw veott bobulonk ove aaacite 


C201 .Lisved) damoash ‘BAGS N07 ae ik sexrd thas gorasexan ; 
020% , food ;{dOL , vsbisiaT bok s5yatd -Orer  Byenko bre cea brosubd 
| sven bludw pissy svil nsdd 1ogntoy etontdue sed esdsolbnt (eter eoget 
ooibzeszen Ged ae 
agntbnis svoqs> (OGL) baolkIfiW box (iSeL) sunsde yd Peres ty | 
nd eskbute teom diiw Yostetanooot sia dobdw aacnsysPitb sgn gab bisgez 
neswied ssonsimslith jasobttagte on badtogss ‘aed  aslsilids isideqe 


Baviovn) moite3tiaevnt e'sined2 -stysasm sotresizo afd no aquoTg Sys 


#o nolwsntbye-or 943 Jo 1259 sno noidevol Josftdo to sobsotbeaq sad 
aids bap beviiano> ybigiid beissqgs aot sure eres edt svi ioaqe3ag— 

eddnt -zinetdoa smog 40% ogslasSb oi2 to amce bstsers ova) gai 
antwolfot antsst Jd93 04 baeqest 03 sisw etoatdus® Sit ene: 

-s2n9u2gs09 baa colton Bkgit io e3qiaoo eld no Jka grbsione/s 

wdonsd ofls. gatntsoneo sDotsie sda at aovtg eb motasmiotar’ Ino 


22 


ing unit to permit any critique on the experiment. 

Investigations into specific aspects of spatial orientation 
in the Euclidean plane was reported by Beilin (1966) and Kershner (1971). 
Beilin's sample consisted of 180 subjects with a mean age of seven years 
six months. His investigation dealt with the representation of water 
levels in jars tilted at various angles. His findings indicated that 
perceptual confirmation training was superior to verbal instruction 
and that water level conceptualization in jars tilted at oblique angles 
was more difficult than in jars placed horizontally or vertically. 
Kershner's finding indicated that horizontally oriented figures were 
no more difficult to deal with on a representational level than verti- 
cally oriented figures. 

Most research on the spatial abilities of children has 
centered around Piaget and Inhelder's (1967) comprehensive work on 
the child's conception of space. Generally the findings have been in 
agreement with those of Piaget and Inhelder that topological spatial 
abilities of young children develop earlier (age range approximately 
from six to seven years) than Euclidean and projective abilities which 
develop simultaneously (age range approximately from seven to eight 
years). 

Lovell (1959) and Dodwell (1963) challenged the viewpoint 
of many researchers that topological spatial abilities develop earlier 
in young children than Euclidean and projective abilities. For Piaget, 
the curvilinear-rectilinear distinction normally presupposes the pre- 
vious mastery of topological relations. Laurendeau and Pinard (1970) 
express some reservation in coming to this conclusion. Lovell (1959) 


disagrees with this finding of Piaget. 
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A number of people have expressed their opinions on impli- 
cations of Piaget's work for elementary mathematics. Some of these 
opinions have been based on both Piaget's work and research carried 
out by individuals themselves. In other cases writers have reviewed 
Piaget's work and formulated opinions without much replication of 
Piagetian type experiments. 

Copeland (1970) writes: 

The discoveries of Piaget that children's first 
geometric concepts are topological rather than Euclidean 
would thus call for the first type of geometric activities 
in the nursery, kindergarten, and Grade I to be topolo- 
gical in character (p. 164). 

He then proceeds to outline activities dealing with the 
topological aspects of enclosure, proximity, separation, and order. 
Copeland concludes the chapter "How a Child Begins to Think About 
Space" with the remark: 

If Piaget is correct it is a purely rote exercise 
to talk of lines as sets of points in the primary grades. 
In so doing the new math becomes as rote as the old math. 
Children begin to parrot definitions for rays, line 
segments, triangles, etc. They are not ready for such 
concepts. Logically space can be considered in terms 
of sets of points, so can lines and rays, but not 


psychologically before eleven to twelve years of age 
(par 1969) 


"Geometry activities", writes Copeland, "should be selected 
for children on the basis of their development. Since topological 
development is first, activities of this sort should come first. Then 
to help children in abstracting familiar Euclidean shapes, have them 
begin with familiar objects such as a pencil, fork or ball...(p. 184). 
The child must form his own mental constructs based on his own 


physical action of the objects (p. 185)". 
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Copeland appears to assume that Piaget has been quite 
accurate in his observations on child development and that his obser- 
vations have widespead application for young children. 

This assumption is also shared by Almy (1966) who suggests a 
number of implications of Piaget's theory for the education of young 
children. She views the use of Piaget's experiments as a useful device 
in assessing the young child's thinking; that is, as a diagnostic 
device. On the question of sequence in the curriculum she writes, 
"Piaget's work clearly implies an ordering among conceptual tasks 
that suggests certain priorities for instruction...Piaget's theory 
seems to caution those concerned with curriculum construction to give 
due attention to the scope or breadth of content and activity as well 
as to the sequence in which it is presented (p. 137)". 

Almy also suggests that on the basis of Piaget's theory 
pupil activity and social interaction should be important considerations 
in curriculum development for young children. 

Although it is agreed by some researchers that Piaget's 
theory lends assistance to a theory of instruction, this optimism is 
not shared by Englemann (1971). He questions the cognitive structures 
as suggested by Piaget and has, in his own investigations, noted some 
inconsistencies concerning conservation tasks. Englemann regards him- 
self as being quite successful in accelerating learning on a number of 
high level conservation tasks but at the same time the same subjects 
were unable to conserve on some supposedly simpler tasks. "So far 
as I am able to determine",writes Englemann, "the Piagetian theory 
provides us with nothing more than a set of accurate descriptions 


about the performance of children at different ages. It does not 
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provide us with the theory that clearly implies instruction, lack of 


instruction or evaluation of instruction (p. 126)". 


Lovell (1971) suggests that there must be opportunities in 


everyday situations to help children in elementary grades recognize 


Spatial relations and the appropriate vocabularly. He suggests sit- 


uations which distinguish concepts of left, right, over, below, and 


similar prepositions. The use of pegboards and geoboards are empha- 


sized as useful devices to enable the child to explore properties of 


two-dimensional figures. Paper-folding is suggested as one way to help 


children develop projective spatial abilities. Generally, Lovell's 


Suggestions emphasize pupil involvement in real life situations and 


deemphasize the abstract notions found in many current elementary 


mathematics programs. 


Adler's (1968) suggestions regarding implications of Piaget's 


work for teachers of mathematics have been made on the basis of a 


review of the work and not on replication of Piaget's investigations. 


Adler, in his book, Mathematics and Mental Growth summarizes some of 


Piaget's work as it relates to child development and on the basis of 


this summary suggests the following as implications for teachers of 


mathematics: 


Le 


Since the child's mental growth advances through qualitatively 
distinct stages, these stages should be taken into account 
when we plan the curriculum. We should use two criteria for 
selecting the mathematics experiences a child should have at 
any given age: (a) they should be experiences that he is 
ready for, in view of the stage of mental growth that the 
child has reached; (b) they should help the child to advance 
to the next stage (p. 55). 


Before introducing a new concept to the child, test him to 

be sure that he has all the prerequisites for mastering the 
concept. If he is not ready for the concept, provide him with 
the experiences that will help him become ready (p. 55). 
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3. A child's thinking is more flexible when it is based on 
reversible operations. For this reason we should teach 
pairs of inverse operations in arithmetic (p. 58). 


4. Mental growth is encouraged by the experience of seeing 
things from many different points of view...We should use 
not only the traditional synthetic approach but also the 
analytic approach via coordinates, the vector approach, and 
the approach that is based on the use of isometries of the 
plane (p. 58). 

5. Physical action is one of the bases of learning...To develop 
his concepts of number and space, it is not enough that he 
look at things. He must also touch things, move them, turn 
them, put them together, and take them apart (p. 59). 

6. Since there is a lag between perception and the formation 
of a mental image, reinforce the developing mental image 
with frequent use of perceptual data (p. 59). 

7. Piaget claims that topological relations are the first geo- 
metric relations that are observed by the child...We should 
be careful not to overdo the formalization of the study of 
topological relations in the tenth grade and below. Children 
like the mathematicians of earlier centuries, will not see 
the need for trying to prove deductively relations that 
appear to them to be intuitively obvious (p. 60). 

Although the implications for teachers as put forth by Adler 
and others reflect Piaget's position, the suggestions must not be viewed 
as a theory of instruction for teachers of elementary mathematics. 
Piaget is concerned with a theory of cognitive development and a theory 
of development is not a theory of instruction. Shulman (1967) warns 
against the danger of 'bootlegging' from psychology and putting it 
directly into a theory of instruction for mathematics" without the 
necessary intervening steps of careful, empirical testing and research 
Gpua7).. 

Another important consideration arises from the findings of 
Olson (1969) who suggests that the cultural milieu is a very influen- 


tial factor in the development of spatial abilities. Olson lists 


three conclusions regarding his investigations into the effects of the 
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physical and cultural environment on concept development. 


First, the general experiences of the children in the 

physical world appear to have an effect on this develop- 

ment...Second, the language of the culture is highly 

related to the conceptual distinctions the children 

are capable of making...(Third) the formal aspects of 

the culture, particularly schooling, play a clearly 

dominant role in the development of these conceptual 

structures (p. 129). 

The suggestion is, therefore, that even if Piaget's conclusions 
regarding child development are valid for children in Geneva, and even 
if his findings do have implications for teachers of elementary math- 
ematics, it would not be desirable to apply them, without further 
research, to a Canadian setting. 

The topic under consideration is the teaching of elementary 
mathematics. Perhaps basic to the above discussion on Piaget's work 
is whether or not teachers of elementary mathematics ought to place 
emphasis on the development of the child via mathematical experiences 
or on the development of the structure of the discipline of mathematics. 
If the latter, then there is great danger that attempts will be made 
to teach directly the necessary mathematics concepts before the child's 


cognitive structures permit. The next section discusses this research 


devoted to acceleration of learning in young children. 


II. PIAGET AND ACCELERATION OF LEARNING 
Piaget views learning as being inconceivable without a 
theoretically prior interior structure of equilibration. If this 
statement is accepted what does it mean for educators? Should children, be- 
ginning in the elementary grades, begin the study of a discipline through 


its logical structure? Will such an approach build the necessary structures 
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to permit functioning of the learning processes? The logical structures 
of mathematics can be very abstract; is this a desirable place to 

Start? Should children be exposed to the disciplines by involving the 
capabilities of the child as they occur in their 'normal' order of 
development? In summary, the questions ask whether the structure of 

the disciplines should take priority over the developmental structures 
of the child and can learning be successfully accelerated. 

Piaget has firm convictions on the role of learning and 
development but it appears there has been considerable misinterpretation 
of his theory. Piaget (1967) stated ''Learning is subordinated to 
development and not vice-versa (p. 332)". In commenting on the work 
of investigators who have supposedly succeeded in teaching operational 
structures Piaget asks three questions: 

...first, is the learning lasting? What remains two 

weeks or a month later?...Second, how much generalization 

is possible? What makes learning interesting is the 

possibility of "transfer" to a new situation... (and 

third) what was the operational level of the subject 

before the experience and what more complex structures 

has this learning succeeded in achieving? (Piaget, 

L967 ,).pp. 332-333). 

This does not mean, however, that Piaget believes nothing can be done 
to expedite the development of operational structures. He expresses 
his belief in the following: 

Investigators...have tried to accelerate the develop- 

ment of logical thinking, and we have available today 

a considerable body of research on what works and what 

doesn't work. Most of the research has not worked. It 

hasn't worked because experimenters have not paid atten- 
tion to equilibrium theory. Learning a fact by rein- 


forcement does not in and of itself result in mental 
adaptation. © (otend ler, )196/, p. 336); 
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The idea expressed above is clarified further in Piaget's 
answer to a question on acceleration of the acquisition of the con- 
servation of number. "Well, you can imagine an analogous structure 
but in a simpler, more elementary, situation (Piaget, 1964, p. 16)". 
“Tn other words, acceleration of learning is possible if the more 
complex structure is based on simpler structures. That is, when there 
is a natural relationship and development of structures and not simply 
an external reinforcement (Piaget, 1964, p. 17)". 

Piaget's theory states that attempts at exposing learner's 
to situations involving more complex structures than at present exist 
in their repertoire demands careful breakdown and selection of simpler 
structures which are capable of being assimilated. But these simpler 
structures can only exist, according to Piaget, because of factors 
governing the child's 'normal' development -- those of maturation, 
experience, social transmission, and equilibration. This prompts the 
question "Why, then, teachers?'' Piaget's answer is that "the teacher 
must provide the instruments which the children can use to decide things 
by themselves. Children must verify, experimentally in physics, 
deductively in mathematics. A readymade truth is only a half-truth 
(Piaget, 1964, p. 5)". Piaget views a teacher as being very necessary 
in the construction of methods. He writes: 

Teaching means creating situations where structures can 

be discovered; it does not mean transmitting structures 

which may be assimilated at nothing other than a verbal 

level (Duckworth, 1967, p. 319). 

In reference to the questions at the beginning of this dis- 


cussion Piaget would obviously favour exposing children to the dis- 


ciplines by involving the capabilities of the child as they occur in 
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their 'normal' order of development. 


Review of Selected Research on Acceleration of Learning 


The research reported in this section is illustrative of 
attempts by investigators to measure the effects of deliberate efforts 
to foster learning in children at an earlier than 'normal' age. Two 
main problems encountered by research of this type are (i) the uncer- 
tainty of the lasting effect of what has been learned and (ii) whether 
the experience has been purely physical or logico-mathematical for the 
learner. 

Beilin and Franklin (1962) carried out an experiment on con- 
servation of length and area with two main purposes. One was devoted 
to the question of whether a particular logical development results in 
the simultaneous ability to solve the related problems of length and 
measurement. The second purpose, and the one which is of concern in 
this review, dealt with the limits upon the acquisition of measurement 
operations associated with age when a deliberate effort is made to 
foster their acquisition through instruction in the concepts basic to 
such measurement. Their sample included 27 first grade children with 
a mean age of six years six months and 33 third grade children with a 
mean age of eight years eleven months. The mean I.Q. for the first 
graders was 117.6 with a Standard Deviation of 16.2 and for the third 
graders a mean of 113.0 and Standard Deviation of 12.5. They followed 
a test-instruction-transfer test procedure. 

The data indicated that the first graders profited primarily 
from the task training and "a little, though not much, from group 


instruction. Third graders, on the other hand, profit appreciably more 
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from measurement concept instruction in that they are able to put to 

use the generalizations taught them (Beilin and Franklin, 1962, p. 615)". 
Beilin and Franklin also concluded that in spite of training in the 

task as well as measurement instructions, no child was able to achieve 
operational area measurement in the first grade. 

In this experiment the age of the subjects obviously was a 
contributing factor to the positive results. Also, despite the fact 
that the testing appeared to facilitate learning it is not clear that 
this learning was of a lasting or of a transitive nature. Those two 
considerations may detract somewhat from the validity of such a pro- 
cedure. 

Wohwill and Lowe (1962) report the results of an experiment 
devoted to investigating the development of the conservation of number. 
They chose their sample of 72 kindergarten children with a mean chrono- 
logical age of five years ten months so as to be representative of 
children who would still show lack of number conservation "while yet 
being old enough to be able potentially to profit from the learning 
experience; in other words, an interaction between learning and develop- 
ment (was) presumed (p. 160)". Each subject was administered a verbal 
and non-verbal conservation pretest, followed by a training period, 
and followed by a verbal and non-verbal conservation post-test. 

An analysis of variance revealed no significant differences 
among training groups with respect to learning non-verbal conservation 
but there were significant results when the overall groups were con- 
sidered. However, the control group gained more than two other sub- 
groups which clearly contributed to this significance and prevented 


the experimenters from attributing beneficial effects to any specific 
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learning condition. 

It is important to consider two features of this investi- 
gation -- the sample and the training. The sample was so chosen 
that the majority of the subjects was quite probably on the border- 
line of being classified as conservers before the experiment began. 
The training session was not a reinforcement of the pretest items 
but was designed to build on the child's previously developed 
structures of thought. That is, the complex structures of number con- 
servation were broken into simpler structures to aid in this conser- 
vation. It is not clear why the results were not of a more positive 
nature. The experimenters suggest that perhaps the abundance of per- 
ceptual cues and the nature of the non-verbal conservation test were 
contaminating factors. However, Wohwill (1960) did have some success 
in accelerating the concept of number conservation. Piaget (1964) 
makes reference to work done by Wohwill, in which he showed that the 
acquisition of the concept of number can be accelerated through 
introducing additive operations. That is, there was a natural relation- 
ship and development of structures and not simply an external rein- 
forcement. 

Jan Smedslund (1961la, 1961b) appeared to have been success- 
ful in accelerating the ideas of conservation through learning of a 
stimulus-response type. Smedslund's (196la) study involved 135 children 
with ages ranging from five years to seven years with a mean age of 
six years two months. On the basis of a pretest 48 non-conservers 
of weight were selected for the experiment. There were 16 in each 
of three groups -- Group I was allowed to observe empirical conser- 


vation of weight on a balance, Group II practised on additions and 
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substractions of material with controls on the scales, Group III took 
only the pretests and the post-tests. 

The data indicated that none of the experimental conditions 
were adequate to develop operational functioning in the principles of 
conservation. In Smedslund's (1961b) study 11 children who had acquired 
conservation of weight by control on a balance and 13 children who had 
acquired conservation prior to the study were shown examples of apparent 
non-conservation. The results indicated that extinction was quite easy 
for those in the first group. Apparently, they had learned only an 
empirical rule. 

"The results are seen as consistent with the hypothesis that 
a concept of conservation acquired by means of external reinforcement 
does not have the functional properties of a normally acquired ‘logically 
necessary' concept (Smedslund, 1961b, p. 85)". This statement is in 
agreement with Piaget and something which Smedslund in his earlier 
work failed to recognize. In commenting on Smedslund's earlier work 
Piaget (1964) states: 

As far as conservation is concerned, Smedslund succeeded 

very easily with five and six year old children in getting 

them to generalize that weight is conserved when the ball 

is transformed into a different shape. Thus Smedslund 

very easily achieved the conservation of weight by this 

sort of external reinforcement. In contrast to this, 

however, the same method did not succeed in teaching 

transitivity. Consequently, he was successful in 

obtaining learning of what I called earlier physical 

experience, but he was not successful in obtaining a 

learning in the construction of the logical structure. 

It cannot be obtained by external reinforcement. The 

logical structure is reached only through internal 

equilibration (pp. 15-16). 


Lefrancois (1966) reports the results of an experiment in 


the development of the conservation of mass involving 60 five and six 
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year old children. Subjects were randomly assigned to one of three 
experimental conditions: verbalizing, non-verbalizing, and no-training,. 
All subjects were administered pretests, post-tests, and retention 
tests. From the data Lefrancois concluded that "the concept of con- 
servation of mass can be developed in young children prior to the time 
when they would have acquired it naturally (p. iv, abstract)". From 

a Piagetian viewpoint there are two important features that may have 
contributed to the positive results of this experiment -- the age of 
the sample and the training session. The subjects were of such an age 
that many might have been on the brink of being conservers of mass 
anyway. The training session was designed ''to lead logically to the 
operations ... which are manifested in correct conservation responses 
(p. iii, abstract)". That is, there was effort devoted to simplifying 
the complex structures. Perhaps detracting somewhat from the apparent 
positive outcomes is an observation which Piaget made on Smedslund's 
earlier work. There is no indication from the reported results that 
the 'learning' that did take place possessed any transitive character- 
istics. The post-test and retention test concerned the same situation 
as did the pretest and training session. 

One purpose of the research reported by Towler (1967) was to 
investigate the effects of training on the acquisition of the concepts 
of continuous quantities. The sample consisted of 120 grade one sub- 
jects. His experimental procedure involved a pretest, training session, 
post-test and post-post-test or retention test. Towler reports very 
positive results. The training procedures resulted in helping a 
significant number of non-conservers and partial conservers acquire 


an understanding of the conservation principle, and what is more 
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important, with the exception of one subject, all the members were able 
to transfer their knowledge to a new situation despite an extinction 
suggestion by the experimenter. It will be noted that Smedslund (1961b) 
did not obtain the same results. It is difficult to determine whether 
or not Towler's extinction procedures were as ‘conflict’ producing as 
those used by Smedslund. 

Many of the findings of research in the acceleration of learn- 
ing have not been of a strong positive nature in developmental theory. 
The findings are nevertheless important as far as implications for 
education are concerned. The research in this area indicates that 
guidance and structured learning experiences can be beneficial if they 
are attempted at a time when the conflict produced by those experiences 
is capable of being assimilated and accommodated by the subjects con- 
cerned. It is apparent from the research reviewed that the age of the 
sample has almost invariably contributed to the obtained results. How- 
ever, before the efficacy of attempts of accelerating learning can be 
accurately assessed it seems necessary to be aware of the kinds of 
learning desired in a situation and the importance of transfer of that 


which is learned. 


Implications Arising From Related Research 


A very fundamental issue concerns the acceleration of learning, 
or learning at an earlier than 'normal' age. An important reason for 
including mathematics in the school curriculum is to ensure that children 
gain an understanding of mathematical concepts and are able to apply 
these concepts to ‘real world' problems. If it is true that any child 


can be taught any mathematical concept at any time, then it seems quite 
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unnecessary to be concerned with an investigation into the 'normal' 
development of spatial abilities of children. An obvious procedure 
would be to begin mathematics teaching with the fundamental mathematical 
concepts and in a logical and somewhat abstract manner proceed to the 
highest level of mathematics understanding which the learner is able 
to attain during his stay in an academic institution. On the basis of 
the literature reviewed on the acceleration of learning such a procedure 
does not seem justified. It was decided therefore to be necessary and 
meaningful to investigate the spatial abilities of young children as a 
basis for suitable geometry topics for elementary grades. 

There are three important issues relating to research on 
the spatial abilities of young children. One is the order of develop- 
ment of those abilities. Piaget (1967) appears more convinced of this 
order than Lovell (1959), Dodwell (1963) and Laurendeau and Pinard 
(1970). Inherent in tests of spatial abilities, as in all Piaget type 
tests, are the possibilities of décalage created by different materials 
and instruction, different scoring procedures and cultural differences. 
Any or all of those factors might affect the order in which spatial 
abilities appear to develop. As controlling features in the present 
study the materials and vocabulary were generally familiar to all sub- 
jects. The scoring procedures took into consideration the implications 
of incorrect responses as well as correct responses. Also, no general- 
izations of results will be made beyond an urban Canadian setting. 

A consideration of possible cultural differences is another 
important issue. Piaget (1964) agrees that different results may be 
obtained on investigations into child development because of cultural 


differences, and Olson (1969) has reported extensively and conclusively 
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on the effect of the cultural environment. Not taking cultural effects 
into consideration may have serious consequences on any implications 
which studies pertaining to child development may have for the school 
curriculum. 

The third issue is the implications of such studies as spatial 
abilities for teachers of elementary mathematics. Some writers (Adler, 
1968; Copeland, 1970) think it appropriate to list fairly specific 
implications. Others (Lovell, 1971; Almy, 1966) find many implications 
for elementary teachers on the basis of Piaget's work and their own 
investigations. Englemann (1971), on the basis of his work, suggests 
that Piaget has nothing to offer a theory of instruction in mathematics. 

This study investigated some aspects of spatial abilities of 
young children in an urban Canadian setting. The findings were related 
to mathematics and formed a basis for mathematics activities for 
elementary grades. These activities are outline in the last chapter 
of this report. 

The results of the investigation into spatial abilities is 
part of a theory of development. The activities formed on the basis 
of those results is a move in the direction of instruction but it is 
not a theory nor part of a theory of instruction. The activities do 
not propose alternate routes, nor do they provide for individual learn- 
ing styles. They have not been tried extensively with children of 
different abilities in different settings. The position taken is 
similar to that taken by Hilgard (1966) and Guba and Clark (1965). 

"Tt is now commonly recognized", writes Hilgard, "that it is not 
possible to move from basic science directly to applied without a 


number of intervening steps, some of which require all the ingenuity 
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and scientific acumen of basic research itself (p. 573)". 

The activities suggested in Chapter VI need to be experimented 
with, evaluated and modified on the basis of the results to permit pupils 
to receive optimal benefit from the exercises. Concern must be given 
to the method of presentation, the classroom organization, pupil record- 
ing and teacher evaluation. It is only then that the activities will 


begin to form part of a theory of instruction in spatial abilities. 


III. SUMMARY 
One purpose of this chapter was to review not only the 
empirical research on spatial abilities and acceleration of learning 
but also to discuss implications for the teaching of elementary math- 
ematics which various writers suggest arise from Piaget's work in this 
area. Another purpose was to place the present study in perspective 


regarding these implications for elementary mathematics. 
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CHAPTER III 


DESIGN OF THE STUDY, INSTRUMENTATION AND 


RESEARCH PROCEDURES 


I. SAMPLE 

The population consisted of the enrollments in the middle 
I.Q. range (approximately 90-110) in six playschools, and in kinder- 
garten, grade one and grade two classes in six elementary schools in 
the Edmonton Public School Board System. This comprised approximately 
one hundred playschool children, one hundred and fifty kindergarten 
children and three hundred each of grade one and grade two children. 

The sample of 195 subjects, 112 boys and 83 girls, was chosen 
by randomly selecting classes from the above schools. It appeared 
appropriate to measure some aspects of spatial abilities by requiring 
subjects to draw two-dimensional shapes by using pencil and paper. In 
order to investigate the possibility that the co-ordination necessary 
for representation in this mode made it unsuitable for young children 
the total sample was divided into two groups. Ninety-five subjects 
represented the shapes by using strips of plasticine and the remaining 
100 subjects represented the same shapes by using pencil and paper. 
The only purpose of the group of 95 subjects was to permit a comparison 
on the two modes of representation - pencil and paper as compared with 
the use of plasticine in representing two-dimensional shapes. The 
shapes which were represented by these modes are items 1, 2 and 3 on 
the test of Topological Space (Appendix A) and items 1, 2, 3 and 4 


on the test of Euclidean Space (Appendix B). Table 1 shows a break- 
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down of the two groups with respect to age and sex. 


TABLE I 


RANGE, MEAN AND STANDARD DEVIATION OF AGE 
AND SEX DISTRIBUTION 


Group 1 Group 2 Tara 
(Represented shapes (Represented shapes eee 

by pencil and paper) by using platicine) P 
Age Range 50-103 47-96 47-103 
Mean 74.68 74590 74.62 
Standard 12553 12.83 12.66 

Deviation 

Sex Boys 59 yf Al Bs 

Girls 45 38 83 


The group of 100 subjects (Group 1) constituted the main part 
of the sample. In addition to drawing the shapes listed above they were 
also administered tests of spatial abilities involving aspects of 
Topological, Euclidean and Projective Space and a test of Co-ordination 


of Perspectives (Appendices A, B, C, and D). 


II. INSTRUMENTATION 


Test of Topological Space 


Purpose: To investigate development of topological abilities 
in young children. 


This test was used to investigate the subject's ability to 
represent topological space. The required responses demanded the sub- 
ject's attention to those aspects which characterize topological space - 


proximity, order, separation, and enclosure. It may be that many sub- 
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jects, in their responses, considered other relations; for example, 
metric qualities. It is not suggested, however, that this test was 

any indicator of the subject's spatial ability in excess of his ability 
to attend to topological aspects. Since the chief purpose of this 

test was to investigate representation of topological space a scoring 
scale has been devised which ignores all aspects of the responses other 


than those being investigated by this test. 


Test of Euclidean Space 


Purpose: (i) To investigate the extent to which errors in 
drawing are topological or consisting of a com- 
bination of Euclidean or Projective errors. 


(ii) To investigate differences in modes of represen- 
tation of geometrical figures. 


In the test of Euclidean Space attention was focused on two 
aspects -- Topological and Euclidean Space as represented by drawings 
of geometric figures (Group 1) and by representing the same figures by 
pieces of plasticine (Group 2). 

A scoring scale has been devised distinguishing between topo- 
logical successes and successes due to operational (projective or 
Euclidean) solutions. The same scoring scale was used for both 


modes of representation. 


TESt On FLO JECti Ves space 


Purpose: To determine the approximate age range in which 
children become capable of operational solutions 
in their representation of spatial relationships. 
The test of Projective Space, limited in this study to the 
projective straight line, was used by Piaget and Inhelder (1967) to 


trace the development from topological to Euclidean and projective 


representations in the child's concept of space. The required responses 
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in this test must be distinguished from the ability of the subject to 
recognize a straight line. This test required a mental representation 
of a straight line and hence must be representative of the subject's 
internalized thought and not perceptually dominated. In order to be 
successful the subject must, therefore, have exhibited ability to 
operate in a space structured in reference to other objects and him- 
self; that is, space which is of a projective nature. The required 
responses also demanded that attention be given to the object itself, 
the straight line. Adequate attention can only result from the sub- 
ject's ability to operate in a co-ordinate system; that is, space of 
a Euclidean nature. Hence, the test of Projective Space involved 
knowledge of projective and Euclidean abilities in order to ensure 
success. Subjects whose action was governed by perceptual cues, while 
they may have been successful in constructing straight lines parallel 
to the edges of the bases used - that is topologically successful - 
nevertheless may have failed in those areas demanding operational 
responses. 

A developmental scale has been devised to distinguish those 
subjects who responded on a preoperational level from those who 
responded on an operational level as measured by the test of Projective 


Space. 


Co-ordination of Perspectives Test 


Purpose: To investigate the integration of the subject's 
system of perspectives and his system of co-ordinations. 


This test of Co-ordination of Perspectives goes beyond the 
test of Topological Space which involved the concepts of neighbourhood 


and beyond the concepts of lines, distances, and angles as investigated 
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in the test of Euclidean Space. The criterion for success in this 

test was the successful integration of the properties of Topological, 
Euclidean, and Projective Space into a unit system. It required the 
subject to be aware of the Topological ideas of proximity, separation 
and the order of the cones which represented the mountains. It demanded 
also that the subject organize the Euclidean plane which involved sev- 
eral objects and an external observer simultaneously. 

It required the subject to be able to recognize the function 
of the projective straight line since success on this test required a 
system to include the many possible viewpoints. 

The scoring scale which was used recognized the implications 
of errors as well as correct responses. This is reported in a later 
section. 

The tests of spatial abilities and their properties are 


classifed in Table II. 


TABLE II 


CLASSIFICATION OF TESTS AND PROPERTIES IN THE 
TOTAL TEST OF SPATIAL ABILITIES 


Total Number 


Test Properties Neer one 


Topological Closure, Separation, 5 
Proximity, Order 


Euclidean Closure, Presence of Angles, 6 
Presence of Straight Lines, 
Accuracy of Angles, Accuracy 
of Straight Lines, Horizontal 
and Vertical Representation 


Projective Horizontal and Oblique Lines 6 


Perspective Co-ordination of Perspectives 4 
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III. TESTING PROCEDURES 

All tests were administered individually by the investigator 
in a private room in the school. In almost all cases the testing area 
was not close to routine school activity and, hence, it was very quiet. 
Any objects which were obvious distractors for the subject were 
removed from the testing area. The total testing time for each sub- 
ject in Group 1 was approximately 30 minutes. In consideration of 
age of the sample this time was divided into two test sittings of 
approximately 15 minutes each. The total testing time for each sub- 
ject in Group 2 did not exceed 20 minutes. The appropriate parts of 
both the Topological and Euclidean Test were administered on one 


Sitting. 


Topological Test - Group 1 


Subjects were seated behind a desk of appropriate height 
and were first asked to 'draw a man' by using a pencil and a 5" by 8" 
white card. No model card was provided. This exercise was used to 
serve two purposes. First, it was hoped that it would enable the 
subject to relax in the unfamiliar setting, and secondly, it was 
assumed that the drawing would indicate any gross deficiencies of the 
subject relevant to the response requirements. It was apparent that 
no such deficiencies were present in any subject of the sample in this 
study. 

Each subject was then presented with a brightly colored thin 
board on which were placed three 5" by 8" cards, laid one on the other 
so that only one card was visible at any one time. Each card contained 
geometric shapes (Appendix A, items 1, 2, and 3). The subject was 


also given a supply of paper, approximately 6" by 10", and a thick 
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lead pencil. The subject was required to draw, on separate sheets 

of paper, each of the three shapes on the cards. In the event that 
the subject expressed a desire to have more than one try at a draw- 
ing, the previous drawing of that particular shape was kept and any 
relevant comment of the subject was recorded. The subject was not 
permitted to move any card containing the shapes. There were 
frequent comments by the subjects regarding characteristics of the 
shapes. When one drawing was completed to the subject's satisfac- 
tion the top card was removed exposing the next shape to be represented, 
and the subject's drawing was taken and labelled by the investigator. 
This procedure was followed for each of the first three items in the 
test of Topological Space (Appendix A). The test setting is illus- 


trated in Figure lI. 


| Subject | 


FIGURE I 


SETTING FOR REPRESENTATION OF SHAPES BY DRAWING 
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Test items 4 and 5 of the test of Topological Space have 
been included to investigate the order notion of Topological Space. 
Item 4 of the test of Topological Space required that the subject place 
seven colored beads on a straight rod in the same order of colors as 
they appeared on a cicular shaped wire. First, each subject was asked 
if he knew what something 'straight' looked like. He was asked to 
pick a straight object from a collection of various shapes. He was 
then asked to identify a straight line from three lines drawn on paper. 
The word 'straight' was emphasized and the subject was asked to repeat 
it several times in reference to the objects he had chosen. Invariably 
one of the straight objects was the wire which was to be used in this 
test item, and it was made certain that 'straight' was used to describe 
it. The subjects were shown that the ends of circular shape wire con- 
taining the beads could be separated and hence could be made straight. 
The subject's agreement that this was possible was taken as an indi- 
cation that he understood that part of the instructions. 

Next, the subject was asked what he would have to put on 
the straight rod to make it look exactly like the circular wire if it 
were straightened. The answer 'beads' was usually given without much 
hesitation. A tray containing fourteen colored beads - two of each 
necessary color - was presented to the subject and he was instructed 
how the beads were to be placed on the straight wire. A check was 
made to ensure that the subject could match and discriminate the 
different colors. The subject was then told to start with whatever 
color he desired and to make the straight rod look exactly like the 
circular wire if it were straight. He was told that this meant he 


had to put the right color in the right place. The investigator did 
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not inform the subject when to stop placing beads on the rod, nor was 
there any attempt to indicate any error which might have been made in 
the process. 

The procedure for item 5 on the test of Topological Space 
was similar to that of the previous problem. The response criterion 
was identical but the stimulus differed in that beads were on a ‘figure 
eight' shaped wire loop instead of a circular shape. As in the pre- 
vious item it was made certain that the subject understood that the 
wire formed a continuous shape rather than two independent loops. 

The same beads were presented as in the previous item. 

Scoring. Items 1, 2, and 3 were scored on the criterion of 
closure, proximity and separation. The subject scored 1 for each 
correct response. The score on items 4 and 5 were dependent on the 
number of errors which the subject made in his response. The subject 
scored 4 on an accurate response and 0 if he committed more than three 
errors. The total possible score was 17. This scoring was used to 
arrive at item difficulty, which in turn was used in setting up a 


general developmental scale as described in Chapter IV. 


Euclidean Test - Group 1 

In this test, items 1-4 were administered in the same way, 
and in the same sitting, as items 1-3 in the test of Topological Space. 
That is, the subject represented a total of seven geometric shapes -- 
four in this test and three in the test of Topological Space -- which 
were presented to him on 5" by 8" cards in the procedure as described 
in the previous test. After completion each drawing was collected 


and labelled by the investigator. 
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The subject's ability to anticipate and represent locations 
of moving objects in the Euclidean plane were investigated in items 
5 and 6 of this test. In item 5 the subject was shown a transparent 
beaker containing approximately one inch of colored water. The sub- 
ject was asked to represent on a sheet of plain white paper, contain- 
ing a drawing of the beaker, the water as he saw it in the beaker. 
With an empty beaker the investigator indicated how he would tip the 
one which contained the water and asked the subject to indicate on 
a drawing of a tilted beaker how the water would look when it was 
tipped. Finally, the beaker containing the water was actually tilted 
and the subject was required to draw the water on the drawing of the 
tilted beaker as he saw it. That is, the subject made three draw- 
ings of the water on three different drawings of the beaker; one 
drawing showing the beaker upright, and the other two drawings show- 
ing the beaker in a tilted position (Appendix B). The procedure for 
administering item 6 was similar to that used in item 5. The stimulus 
in this test item was a glass jar containing a plumb line suspended 
from the centre of the top of the jar and hanging inside in a vertical 
position so that the line was parallel to the straight sides of the 
jar and perpendicular to the plane on which the jar rested. The 
subject was given a drawing of an empty jar and was asked to draw 
the plumb line as he saw it with the jar in an upright position. An 
empty jar was tilted slightly and the subject was asked to draw, on 
another picture of a tilted jar, the plumb line as it would look if 
the jar were tilted as the empty jar was tilted in the demonstration. 
Finally, the jar containing the plumb line was tilted and the subject 


was asked to draw what he now saw on another picture of an empty jar. 
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As in item 5, each subject drew three drawings of the position of the 
plumb line - one on each of three separate drawings of the empty jar 
(Appendix B). The jar containing the plumb line and a sample of the 


drawings presented to the subjects are illustrated in Figure 2. 
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FIGURE 2 


POSITION OF JAR AT VARIOUS PHASES AND PUPIL PAGES 


Scoring. The criterion of closure, presence of angles, 
presence of straight lines, accuracy of angles and straight lines 
were used in scoring items 1-4. A drawing was considered to be 
"closed' if it was formed by a continuous line or lines. A drawing 
was considered to have fulfilled the conditions of the presence of 
angles and straight lines if three of the four or two of the three 
angles or lines were in evidence. Angles were judged to be accurate 
if they were within ten degrees of those contained in the geometric 
shapes which were presented to the subject. Lines were judged to 
be accurate if the ratio of the lines erred not more than one-fifth 


of the ratio of the lines in the shapes presented to the subject. The 
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scoring is described in more detail in Appendix B. 

There were three phases of scoring on items 5 and 6. The 
first phase was the subject's representation of what he saw in the 
beaker - item 5 - and in the jar - item 6 - when the jars were in an 
upright position. The next phase required the subject to anticipate 
the positions of the water and the line if the containers were tilted. 
The correct response was oblique lines relative to the sides of the 
containers. Instances where subjects drew both a horizontal and ver- 
tical instead of a single oblique were recorded but not scored as 
being correct. These cases will be discussed in another section of 
this report. The final phase involved the subjects being able to 
check what they had anticipated in the second phase. This was scored 
as in phase two, an oblique line relative to the sides of the con- 
tainer being the criterion for complete success. 

In arriving at item difficulty in this test all responses 
to items 1 and 4 were considered but only responses to phase two of 
items 5 and 6 since this was the criterion for success on those 
items. Responses to phases one and three will be discussed in 


Chapter V. The total possible score on this test was 22. 


Projectiveslest =sGroup is 


The requirement of the test of Projective Space consists 
of constructing as straight a line as possible between two fixed 
points, using about 10 matchsticks each of which is vertically fixed in 
a small disk of modelling clay. The material consists of a rectan- 
gular base (about 25 by 35 cm.) and a circular base (about 35 cm. in 


diameter), two small houses and about 10 matchsticks to represent lamp 
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posts or some other familiar object. The test is divided into two 
parts, each of which contains three problems (Figure 3). In the 

first part, using the rectangular base, the subject must construct 

a straight line, by using the matchsticks, between the two houses. 
First, each of the houses are placed about 2 cm. from the longer side 
nearer the subject (Problem 1) and then,for Problem 2, at 2 cm. from 
the centre of each of the smaller sides of the rectangle. In Problem 3, 
the houses are placed about 30 cm. apart and are positioned as shown 
in Figure 3. In the second part of the test, the houses are placed 

on the circular base. The procedure is similar to the first part. In 
the fourth problem the houses are spaced about 20 cm. apart on a small 
segment of the arc perpendicular to the child's plane of vision. The 
houses are placed at about 30 cm. along a diameter still perpendicular 
to the place of vision for Problem 5. In Problem 6 the houses are 
placed about 25 cm. apart on a larger chord of the arc but this time 
on the oblique in terms of the child's plane of vision. (Appendix C 


includes test instructions in more detail.) 


FIGURE 3 


TEST OF PROJECTIVE SPACE 
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Scoring. The subject was given a score of 1 for each straight 
line which he constructed between the two designated points on the 
rectangular and circular bases. The method which was used in construct- 
ing the straight line was recorded but did not influence the subject's 
score. The total possible score on this test was 6. This scoring 
permitted the investigation of relative item difficulty which was used 


to establish a developmental scale. 


Co-ordination of Perspectives) = Group iL 


The experimental apparatus consisted of a plain white card- 
board square measuring 50 cm. on each side and divided by masking tape 
into four equal quadrants. Three cardboard cones, red (20 cm. base by 
10 cm. high), blue (14 cm. by 7 cm.) and green (8 cm. by 4 cm.) were 
placed on the cardboard square and laid on a table. A set of eight 
colored sketches which corresponded to pictures of the cones from 
various viewpoints were placed directly in back of the table layout 
in a vertical position. The table layout and the sketches were placed 
as in Figure 4. 

The test was administered in the following manner. All of 
the eight sketches were covered with cardboard flaps which were hinged 
to the large cardboard sheet containing the sketches. The subject 
was seated in a position as indicated in Figure 4. He was asked to 
pretend that the colored cones were mountains. He was next shown a 
wooden figure of a man (about 6 cm. high) with an object around his 
neck which resembled a camera. Each subject was asked what a camera 
was used for and what he thought the little man was going to do with 
the camera. The investigator then told the subject an imaginary story 


about the little man taking pictures of the mountains. 
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FIGURE 4 


APPARATUS FOR TEST OF CO-ORDINATION OF PERSPECTIVES 


A training item was included where the 'photographer' was on 
the same side and in the same position as the subject. The card- 
board flaps were raised to expose sketch 1, the correct view, and 
sketch 4, an incorrect view. The subject was to choose the picture 
which he thought represented that taken by the 'photographer'. It 
was found important to uncover only the pictures from which subjects 
were to choose and to do so after the man had ‘taken his picture’. 


Otherwise subjects were confused as to exactly which objects they 
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thought were being photographed. A discussion followed about why the 
choice was right or wrong. In all cases sufficient information was 
given so that the subject agreed that sketch number 1 was the correct 
picture. The selection of a picture for position 1 did not contribute 
to the subject's score. 

The two sketches were then re-covered and the 'photographer' 
was placed to the right centre side of the layout. The subject 
remained seated and was asked to think about what a picture would 
look like if the 'photographer' tooka picture from this position. 


The following sketches were uncovered: 


Sketch 1 - Corresponding to subject's view 

Sketch 4 - Subject's view if leaning in direction 
of the 'photographer' 

Sketch 7 - Reversal of correct choice 

Sketch 6 - Correct choice. 


The subject was asked to choose the sketch which he con- 
sidered to best represent the picture which the 'photographer' would 
get. His response was then recorded. 

The sketches were re-covered and the ‘photographer’ was then 
moved to the left near corner of the layout permitting a diagonal view 
of the 'mountain scene’. The procedure was continued as when the 
photographer was in the previous position but for this new position 


the following sketches were uncovered: 


Sketch 1 - Corresponding to subject's view 

Sketch 8 - Subject's view if leaning in direction of 
the 'photographer' 

Sketch 4 - Reversal of correct choice 

Sketch 2 - Correct choice. 
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After the subject had made his choice for this position the 
sketches were again covered and the ‘photographer’ was moved to the 
left centre of the layout. The subject was asked to imagine what kind 


of a picture the 'photographer' would get and the following sketches 


were uncovered: 


Sketch 1 - Corresponding to subject's view 

Sketch 2 - Subject's view if leaning in direction of 
the 'photographer' 

Sketch 6 - Reversal of correct choice 

Sketch 3 - Correct choice. 


For the final position the 'photographer' was placed opposite 
the subject; that is, between the back edge of the layout and the 
bottom of the vertical cardboard containing the sketches. The subject 


selected from the following sketches: 


Sketch 1 - Corresponding to subject's view 

Sketch 3 - Subject's view if leaning in direction of 
the 'photographer' 

Sketch 6 - Reversal for this position was sketch l. 
Sketch 6 was added as the most appropriate 
fourth choice 

Sketch 5 - Correct choice. 


The subject remained seated throughout the entire test. 
The four choices from which the subject has to choose were decided on 
the following basis - one picture always corresponded to the subject's 
own viewpoint, another corresponded to the view of the 'mountains' 
the subject would get if he leaned in the direction of the 'photo- 
grapher's' position, another represented a left-right and front- 
back reversal of the correct choice and the fourth represented the 


correct choice. 
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Scoring. In arriving at item difficulty each response was 
coded as 1 if correct, and otherwise 0. However, all responses were 
recorded and this information will be discussed in dealing with 


characteristics of individual protocols within the complete sample. 


Topological and Euclidean Tests - Group 2 


This test consisted of items 1, 2, and 3 of the test of 
Topological Space (Appendix A) and items 1, 2, 3, and 4 of the test 
of Euclidean Space (Appendix B). Each subject was individually tested 
in a manner similar to that used in the Topological and Euclidean 
Tests. The subject was presented with seven geometric shapes on 
separate 5" by 8" cards. The criterion for success on each item was 
an accurate representation of each shape by using pieces of plasticine. 
The subject was provided with an ample supply of strips of plasticine 


of various lengths and shapes. The setting is illustrated in Figure 5. 


plasticine 


| subject | 


FIGURE 5 


SETTING FOR TEST FOR GROUP 2 
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As a brief training period it was demonstrated to the sub- 
ject that simple geometric shapes could be made by using plasticine. 
Included in this demonstration was the shortening of a piece of 
plasticine which was too long and joining two pieces to form a longer 
piece. The subject was told he could use as many pieces as he thought 
necessary. As each shape was completed on a separate sheet of paper 
it was taken by the investigator, traced with a pencil, and labelled. 
A different card containing another geometric shape was exposed to 
the subject. Total testing time was approximately fifteen minutes. 

scoring. items 1,02, and 3 of the test sof Topological Space 
were scored in the same way as they were in Group 1 - a score of l 
for each correct response and otherwise 0. For this part of the test 
the total possible score was 9. Each of the four shapes in the 
Euclidean Test was scored on five criterion (Appendix B). The 


total possible score on the test using plasticine was 29. 


1V. CONTROLS BULLT INTO THE TESTS 

In an attempt to minimize the error, the training sessions 
on all tests were regarded as being very important. In all cases it 
was clear, before the actual testing began, that the subjects under- 
stood the criterion to which they were to respond. The items on 
each test were given in a generally random order. The nature of the 
test on Projective Space made it more appropriate to administer con- 
secutively the three items on a rectangular base as well as the three 
items on the circular base. However, the order in which the different 
bases were used was alternated. Subjects were encouraged to enter 


into discussion whenever they indicated any desire to do so. It was 
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felt that in addition to easing boredom it also provided the subject 
an opportunity for increased understanding of the initial instructions. 

Specific controls were instituted in an effort to ensure 
the maximum validity and reliability for each particular test used 
in the study. In the Topological Test of shape representation it was 
considered important for subjects not to be permitted to move the 
stimulus cards in any way. Failure to impose this restriction could 
have resulted in a stimulus of an oblique line being transformed into 
a horizontal or vertical line. This would have invalidated the initial 
criterion. Subjects were given twice as many beads as were necessary 
for accurate representation of the items on 'order'. If the exact 
number of beads were provided it would have assisted the subject in 
his response since it would have had strong implications as to when 
he should discontinue placing the beads on the straight wire. 

In the item concerning horizontal and vertical concepts an 
empty beaker was used to help reinforce the instructions regarding 
the transformations on the beakers containing water and the plumb line. 
Also the subjects were asked to draw the water and plumb line as they 
saw it with the containers in an upright position as well as in a 
tilted position. This procedure permitted three comparisons of the 
subject's ability - to draw a vertical and horizontal line when viewed 
in relation to the Euclidean Plane, to anticipate and represent location 
of a vertical and horizontal line after transformation in the Euclidean 
Plane, and to verify this representation. 

The stimulus in the Test of Projective Straight Line was to 

include only the two blocks to represent houses, the matchsticks in 


clay bases and the rectangular and circular bases. Consequently, the 
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entire test was administered by placing the rectangular and circular 
bases on an unpatterned floor. It was felt that if a table top had 
been used, the perceptual cues presented would have prevented any 
accurate and meaningful interpretation of the subject's response. 

In the test of Co-ordination of Perspectives the four sketches 
from which the subject was to choose were presented only after the 
‘picture of the mountains was taken'. This procedure was instituted 
as a result of a pilot study which indicated that if the sketches were 
always visible the subject became confused as to exactly what was 


being photographed. 


V. ANALYSIS 

An item analysis was carried out on the total test of spatial 
abilities. The internal consistency of the test was assessed by using 
the Kuder-Richardson Formula 20. Two judges scored the pupils responses. 
The inter-rater reliability was assessed by subjecting these results 
to an analysis of variance (Winer, 1962, p. 129). 

Relative item difficulty was found using a two-tailed t-test. 
Relationships between variables are reported using Pearson correlation 
coefficients. Comparisons of distributions were made by using the 
Kolmogorov-Smirnov Test for independent samples. The mean scores on 
the responses of Group 1 and Group 2 were investigated by using a two- 
tailed t-test and the distributions of those responses were compared 


by the Kolmogorov-Smirnov Test for independent samples. 
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CHAPTER IV 


EVALUATION OF THE INSTRUMENTS AND RESULTS 


OF THE INVESTIGATION 


This chapter reports an evaluation of the instruments used 
in the present study. It includes inter-rater reliability, and also 
the internal consistency of the instruments as measured by the Kuder 
Richardson Formula 20. Correlation coefficients are shown to indicate 
the relationship between major variables. The results of testing the 
hypotheses and other tests made on the data are also reported. The 
analyses reported in this chapter were carried out on the IBM 360/67 
computer using Fortran and APL (A Programming Language) on carefully 


tested programs. 


I. EVALUATION OF THE INSTRUMENTS 

The previous chapter contained a description of the instru- 
ments that were used in this study and a discussion of the way in which 
they were administered. In this section is reported a post-adminis-— 
tration analysis of the instruments using the data from the study. 

In order to compare the representation of two-dimensional 
shapes by using pencil-paper and strips of plasticine it will be 
recalled that the total sample was divided into two groups. One 
hundred subjects represented items 1, 2, and 3 from the test of 
Topological Space (Appendix A) and items 1, 2, 3, and 4 from the test 
of Euclidean Space (Appendix B) by using pencil and paper. In addi- 
tion, this same group was administered tests which involved aspects 


of Topological, Euclidean and Projective Space and a test on Co-ordi- 
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nation of Perspectives. 

The remaining 95 subjects, which constituted Group 2, repre- 
sented the same shapes as listed above but used strips of plasticine 
instead of pencil and paper. The distribution of scores on this test 
is shown in Figure 6. The total possible score on this test was 29. 
The mean was 21.91, and the standard deviation was 2.43. The reli- 
ability of the test as measured by the Kuder Richardson Formula 20 
was 0.724. A reliability on the scoring methods of the responses was 
obtained by considering the independent scores of two judges on all 
items of this test. The two scores were subjected to an analysis of 
variance procedure (Winer, 1962). The inter-rater reliability was 
found to be 0.985. 

Intercorrelations between age and the variables on the test 


which was administered to Group 2 are reported in Table III. 


TABLE III 


INTERCORRELATIONS BETWEEN AGE AND SUBTESTS FOR 
TEST OF SPATIAL ABILITIES 


(Group 2, n = 95) 


Variable iL 2 3 4 
ek KK ax 
1. Age 1.000 0.588 0.698 0.702 
“x kK 
2. Topological Items 1.000 eT Ae28) 0.886 
** 
3. Euclidean Items 1.000 0.968 
4. Total Test 1.000 
Kk 
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The only purpose in involving Group 2 was to permit a com- 
parison on the responses on two modes of representation - pencil and 
paper, and plasticine. An analysis of scores for subjects in Groups 1 
and 2 are shownin Table IV. A two-tailed t-test on the means of each 
test and on each property within each test indicated no significant 
differences between the two groups. A Kolmogorov-Smirnov Test showed 
no significant difference in the distribution between the two groups 
when the total scores were considered. (The obtained deviation was 
0.0789. The required deviation for significance at the .05 level is 
Orel 9:1 ver 

On the basis of these analyses it is concluded that pencil- 
paper and plasticine are equally effective media in permitting subjects 
to exhibit their spatial abilities as investigated in the present study. 
Hence, no further analysis will be done on the responses of the sub- 


jects in Group 2. 


Evaluation of the Total Tests of Spatial Abilities - Group IL 


The range, mean, standard deviation and kurtosis for the 
total test of spatial abilities is reported in Table V. The distributions 
of scores on the total tests of spatial abilities is shown in Figure 7. 
A total test reliability of 0.796, as calculated using the Kuder Richard- 
son Formula 20, was considered to be high enough to accept the scores 
on the test as indicative of the level of spatial development of the 
subjects in the present study. 

An inter-rater reliability on the scoring of the responses 
was obtained by using an analysis of variance procedure on independent 


scoring by two judges on the geometric shapes which subjects were 
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required to draw. Using this procedure (Winer, 1962) the inter-rater 
reliability for Group 1 was 0.989. 

Intercorrelations between the subtests of the total test are 
reported in Table VI. The significant correlations between the various 
subtests are not surprising in view of the fact that all subtests 
were assumed to be measuring some aspects of spatial abilities. Hence, 
these correlations might be regarded as some indication of the validity 
of the total test. The variable of age correlates significantly with 
all subtests. This finding is important in that it may indicate that 
the field of spatial abilities is a developmental phenomenon. How- 
ever, it is a very gross finding since it gives little information on 
the kinds of spatial abilities possessed by subjects in various age 
groups. This aspect will be investigated in another section of this 


chapter. 


II. ANALYSIS OF TOTAL TEST OF SPATIAL ABILITIES 


Results of Hypothesis One 


There is no significant difference between the mean scores 
for boys and girls on: 
(a) the test of Topological Space; 
(b) the test of Euclidean Space; 
(c) the test of Projective Space; 


(d) the test of Co-ordination of Perspectives. 


Results. The mean scores for boys and girls on each test 
are reported in Table VII. All parts of hypothesis one was tested by 
using a two-tailed t-test. It was found that the means on all the 


tests were not significantly different for boys and girls. Further 
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analysis on the means on each category within each test also indicated 
no significant differences for boys and girls. 

Conclusion. All parts of Hypothesis One were accepted. 

Analysis of Subtests of Total Test of 
Spatial Abilities 

This section contains the analysis of the results of each 
subtest in the total test of spatial abilities - Topological, Euclidean, 
Projective Space and the test of Co-ordination of Perspectives. The 
first part of the report on each subtest is devoted to a comparative 
analysis of the categories in general. The second part is derived 
from this analysis and distributes the protocols into a series of 
divisions related to the objectification of the subject's responses 


in each subtest. 


TEST OF TOPOLOGICAL SPACE 


General Analysis 


The test of Topological Space was administered to Group 1 
and had a total possible score of 17. The mean on the test was 14.02 
and the standard deviation was 2.80. Figure 8 illustrates the criteria 
of failure and success on each of the categories of closure, separation, 
and proximity. A shape determined by a continuous line or lines was 
scored a success on the category of closure. Proximity was determined 
by using a four part grid. The criterion for success on the category 
of separation is described in detail in Appendix A. Intercorrelations 
between age and variables on the Topological Test are reported in 
Table VIII which indicates that age is significantly related with all 


variables. This finding will be further investigated in analyzing the 
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FIGURE 8 


EXAMPLES OF RESPONSES CONSIDERED AS SUCCESSES AND AS ERRORS IN 
THREE ITEMS IN THE TEST OF TOPOLOGICAL SPACE 
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responses by age category. Table IX shows the distribution of topo- 
logical success and the number of topological errors on each category 


for each age group. 


Results of Hypothesis Two 


There is no significant difference between 
(a) the mean scores on each of the categories of Closure, 
Separation, and Proximity on the test of Topological Space. 
(b) the distributions on each division on the developmental 


scale for the test of Topological Space. 


Results. The first analysis centered directly on the cate- 
gories themselves in an effort to determine their nature and relative 
difficulty. Examination of the results reveals that the first three 
categories of closure, separation and proximity as reported in Table IX 
are of appreciably equivalent difficulty. A two-tailed t-test 
indicated that none of the first three categories are significantly 
more difficult than the other. The mean scores on the categories of 
ordering from a circle and ordering from a 'figure-eight' configuration 
were significantly different beyond the .01 level. The t-values and 
probability levels are reported in Table X. 

The various divisions on the development scale were devised 
on the basis of category difficulty. The scale has four divisions for 
the six age categories over which the total subjects in Group 1 are 
distributed. Subjects included in the various divisions are as follows: 


Division 1 - Subjects who were not successful on any of 
closure, separation, proximity and order. 


Division 2 - Subjects who were successful on closure, 
separation and proximity but were not success- 
ful on ordering from a 'figure-eight" con- 
figuration. 
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Division 3A - Subjects who obtained two or three out of 
a possible maximum of four on ordering from 
a 'figure-eight' shaped configuration. 


Division 3B - Subjects who were completely accurate on 
ordering from a 'figure-eight" shaped 
configuration. 


This distribution is shown in Table XI. 

Because the category of ordering from a circle was not 
significantly more difficult than the categories of closure, separa- 
tion and proximity it was not included in devising the developmental 
scale. However, all subjects who had complete success on ordering 
from a 'figure-eight' configuration also had complete success on 
ordering from a circle. Ninety-five percent of the subjects in 
Division 3A fulfilled conditions necessary for Divisions 1 and 2. 

The distributions in Table XI were tested using the Kolmogorov- 
Smirnov test for independent samples. The results of this investi- 
gation is reported in Table XII. 

Conclusions. On the basis of these findings Hypothesis 2(a) 
was accepted. However, it may be that definite conclusions regarding 
the relative difficulty of closure, separation and proximity cannot 
be made from this test. The shapes in the test items were probably 
not appropriate for such scoring categories as separation and proximity. 
A rather superficial study of the responses to the ‘draw a man' exercise 
used in the training period to the test suggested that this drawing 
was more suitable to a study of separation and proximity. However, 
the responses on this item were not analyzed. It was included only 


as a training item. 
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Hypothesis 2(b) was rejected. There were significant dif- 
ferences in distributions of subjects who were unsuccessful on all 
categories of closure, proximity, separation and order and subjects 
who were successful on ordering from a 'figure-eight' configuration. 
There were significant differences also in the distribution of sub- 
jects who were successful on the topological categories of closure, 
proximity and separation but were unsuccessful on ordering from a 
"figure-eight" and those subjects who were successful on ordering 
from a 'figure-eight'. The differences in distributions were in the 
direction of indicating a greater degree of success for older subjects. 


A discussion of these differences is included in Chapter V. 


TEST OF EUCLIDEAN SPACE 


General Analysis 


The test of Euclidean Space (Appendix B) involved the rep- 
resentation of geometric shapes as well as an investigation into the 
child's ability to anticipate states arising from transformation of 
a vertical and horizontal nature in the Euclidean plane. The total 
possible score was 22. The mean on this test was 15.37 and the 
standard deviation was 4.09. Details of the scoring are outlined in 
Appendix B. The criteria of errors and success on each scoring 
category are illustrated in Figure 9. 

Table XIII reports correlations between age and variables 
on the Euclidean Test. Almost all correlations are significant. It 
is apparent that if hypotheses were tested which required relationships 
of the kind indicated by correlations, the conclusions would have to 


be regarded as very gross and indefinite. The correlations in Table XIII 
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SUCCESSES ERRORS 
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FIGURE 9 


EXAMPLES OF RESPONSES CONSIDERED AS SUCCESSES AND AS ERRORS 
ON THE TEST OF EUCLIDEAN SPACE 
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indicate the following: 


- The development of Euclidean aspects of spatial abilities 
is directly related to age. 


- Generally, the various aspects of the Euclidean Test are 
significantly correlated. 


Table XIV was derived from successes and errors on each cate- 
gory. The analysis associated with the data contained in this table 
centers on the categories themselves and makes no attempt to analyze 
any characteristics of the sample or any individual protocols. On 
the basis of this analysis a scale was devised to look at more specific 


characteristics of the various test categories. 


Results of Hypothesis Three 


There is no significant difference between 

(a) the mean scores on each of the categories of Closure, Presence 
of Angles, Presence of Straight Lines, Accuracy of Angles, 
Accuracy of Straight Lines in the test of Euclidean Space. 

(b) the distributions on each division on the developmental 


scale for the test of Euclidean Space. 


Results. The relative difficulty of the categories in the 
test of Euclidean Space which is reported in Table XIV was investigated 
by a two-tailed t-test. These results are reported in Table XV. 

The results indicate that the categories of closure, presence 
of angles, and presence of straight lines were not significantly dif- 
ferent from each other in difficulty. However, the difficulty of the 
categories requiring accuracy of straight lines and accuracy of angles 


were significantly more difficult than the first three categories. 
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On the basis of these investigations a developmental scale 
was devised. The following criterion was used to assign subjects to 


the divisions on the scale: 


Division 1 Subjects who did not attain success on two 
of the three categories of closure, presence 
of angles and presence of lines. (Success 
on each category was taken as a score of two 
or more. The total possible score on each 


of the three categories was four.) 


Division 2 - Subjects who were successful in two of the 
three categories mentioned above but were 
unsuccessful in the accuracy of angles, 
accuracy of straight lines, horizontal and 
vertical categories. 


Division 3 Subjects who were successful on the categories 


of accuracy of lines and accuracy of angles. 


Division 4 - Subjects who were successful on the horizontal 
and vertical categories. 


A subject was always placed in the highest division for which 
he met the criterion. Ninety-six percent of all subjects who were 
placed in a certain division obtained the necessary requirements for 
the divisions which preceded it. The distribution of subjects in these 
divisions is presented in Table XVI. 

The distributions over age categories were tested using the 
Kolmogorov-Smirnov Test for independent samples. The results of the 
application of the test are summarized in Table XVII. 

Conclusion. Hypothesis 3(a) was rejected. There were no 
significant differences in the mean scores on the categories of closure, 
presence of angles and presence of straight lines. However, the means 
on these three categories were all significantly different from the 
means on the categories of accuracy of angles and accuracy of straight 


tines. 
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Hypothesis 3(b) was rejected. There was a significant dif- 
ference in the distribution of subjects who failed on all categories 
and subjects who were successful on the categories involving horizontal 
and vertical representation. The distribution of subjects who were 
successful on the categories involving horizontal and vertical con- 
cepts was also significantly different from that group of subjects who 
were unsuccessful on those concepts but were successful in the cate- 
gories of accuracy of lines and accuracy of angles. The distribution 
indicated that older subjects responded with a greater degree of 
accuracy. A more detailed discussion of this finding is reported in 


Chapter V. 


TEST OF PROJECTIVE SPACE 


General Analysis 


The test of Projective Space was restricted in this study to 
the projective straight line. Details of the test and the administrative 
procedure are contained in Appendix C. The total possible score on 
this test was 6. For the sample in this study the mean was 3.82, and 
the standard deviation was 1.95. The great variety of responses made 
it impractical to use a continuum in scoring. The test items were 
scored as correct, a score of 1, or incorrect, a score of 0, depending 
on whether or not the subject fulfilled the criterion of using the 
materials provided to form a straight line path between two objects 
whose positions were predetermined. Figure 10 illustrates varieties 
of responses which were scored as successes and errors. 

Intercorrelations between age and variables on the test of 


Projective Space are reported in Table XVIII. Problems having common 


; i od | : > Fl” 


etsw of sos S ahh sy ar 
~noo Inoiaisy bas feanés tron patviovat ash togass9 sf? 10 Ivteesooue - | 
oflw atoafdee to quorg 383 mox3 raorotttb ylanso Hitmake oels #aw e3geo Sie 
-siso sit ot Lyteasoaue sisw jud atqesno> seont no futeasosvany 9194 a | 
nottudiyielh oAT .asfgne to wosiu5°5 bie asmif to yosTwoo8 to sstrog | 
to sergeb 1938919 8 dtiw bebnoqesy ajostdpe robie sted% besso that 


nt bedtoqss et gatbnt? einz to notsasoatb belistsb stom A .yoBTuDDB 


.V 193qsd0 
FOATE O2F 40 » - 
Pe ee 
steviged Layens) 
oj ybutea atria nt botobijteet saw so5qe sviiostord to 3ae2 sat ; ; 
oviijarteioinbs afi bos tes3 9d2 to alisis@ .ankl godgisiie ev ta vatorzgq edt 
mo 9to52e sfdieecq I[si0ot sit .3 xtbnoaqqA nt banisino> sts stubs207q 
bns ,-$8.€ caw nsem. sit ybuse eidi ot slquse ait) rot. .4 esw jae elds ' : 
ahso-assnogest io yJslisv IJnsty ext rai | aBw mitsivesb brabaese ont _ : 
si19w amsti test adfT .gntrooa nt muntioos s sev oF Isabjossqmt 3f | 
gmtbasasb .0 to s1052 & . Jos Ttoon! 10 _f to sio08 6 ,199TIOD se baz058 
and gntev to notrsiiis sz bolli?ind jsa{ due sii Jom to rarttedw, 90 . ; 
atoetdo ows mpewied ding sali sdglatta = tot O39 babtvexq eletysisq : - 


astisiiav estarteulit OL eangit -bentomsishstq sxsw asloisteoq seodw 
-210179 brs aspasz0uE eB bere8 stew dotdw sesmoqee7 to 

Je tes? rhids ao esfdatrav bas ogs osowiad ‘enoltalorvosyesal 

nommos gnived ame idort ,TIIVX aldsT mb bestogs: sts s0B8q2 


89 


SUCCESSES ERRORS 


Problem 1 , Pxebten iL 


=] a 


Bes ov00c0 
P 2°20 C200ce O 


Problem 2 | Problem 2 

| 
ase Cee LO Ber eepe “Il {eo 3 D 
Problem 3 | Problem 3 


1) 
° 
° 
° 
o 
° 
© 
° 


Ls} 


Problem 4 


Qooovo00e. ove 


a a 
° r) 
° o 


€©00 @000 


Problem 5 


00 2000 ooo ®° 


off 
: a 9 000000 * 


Problem 6 


FIGURE 10 


EXAMPLES OF RESPONSES CONSIDERED AS SUCCESSES AND AS ERRORS 
ON THE TEST OF PROJECTIVE SPACE 
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characteristics have been grouped to form a total of three categories. 
Problems 1 and 4 involve constructing a straight line near the edge 
of a given base and hence, it is presumed, is subjected to strong per- 
ceptual cues. Problems 2 and 5 require a straight line to be con- 
structed but somewhat removed from the perceptual cues which were pre- 
sent in the two previous problems. Oblique lines are required in 
Problems 3 and 6. 

The correlations reported here are consistent with those 
reported on the two previous tests of Topological and Euclidean 
Space. Age is significantly related to all categories of the test. 
However, the correlations indicate nothing about the relative dif- 
ficulty of the various test items nor how subjects of various age 


groups responded to individual problems. 


Results of Hypothesis Four 


There is no significant difference between 

(a) the mean scores on each of the categories of Line Near the 
Edge, Central Line and Oblique Line on the test of Pro- 
jective Space. 

(b) the distributions on each division on the developmental 


scale for the test of Projective Space. 


Results. Table XIX reports a general investigation into the 
six items on the test of Projective Space, and indicates the successes 
and errors for each age category. If the problems not concerning 
obliques (Problems 1, 2, 4 and 5) are compared with the obliques 
(Problems 3 and 6) it is found by a correlated t-test that the relative 


difficulty of problems of lines near the edge of the base (1 and 4) 
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are not significantly different from problems on central straight lines 
(2 and 5) but both groups (Problems 1 and 4 and Problems 2 and 5) are 
significantly different from combined problems on oblique lines (3 and 


6). This information is reported in Table XX. 


TABLE XX 


t-VALUES AND PROBABILITY LEVELS FOR CATEGORIES 
ON PROJECTIVE TEST 


Category 1 2 3 


& 
1. Lines Near the ~ O}e SiS 7.291 
Edge of Base 
(Problems 1 and 4) 


* 
2. Central Lines - 6.506 
(Problems 2 and 5) 


3. Oblique Lines = 
(Problems 3 and 6) 


p <= .001 


On the basis of the preceding analysis a developmental scale 
was devised. Subjects were placed in the divisions on the following 
criteria: 

Division 1 - Subjects who were unsuccessful on all problems. 


Division 2 - Subjects who were successful on at least one 
of the problems to be constructed near the edge 
of base (that is, Problems 1 or 4) but were 
unsuccessful on all other problems. 


Division 3 - Subjects who were successful on at least one 
of the problems requiring a central straight 
line (that is, Problems 2 or 5) but unsuccess- 
ful on both problems involving oblique lines 
(Problems 3 and 6). 


Division 4 - Subjects who were successful on one or both 
problems requiring an oblique line. 


This distribution for each age category is reported in Table XXI. 
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Table XXII compares the scores of subjects on lines near 


the edge of the bases and central lines with their success on 


obliques. 
TABLE XXII 
COMPARISON OF SUBJECT'S SUCCESS ON OBLIQUES AND 
OTHER LINES ON PROJECTIVE TEST 
Lines Near the Edge and Central Lines + 1 
Oblique pats 
0 ik 2 3 4 
0 ip 10 dl 14 7 45 
4) 0 4 5) 11 20 
2 0 1 2 32 35 
Total i 10 a2. yaa 50 100 


This table indicates that 43 of the 55 subjects who were 
placed in Division 4 had obtained a perfect score on Problems l, 2, 
4 and 5; that is on the non-oblique lines. A further breakdown 
indicates that of the 42 subjects whose score was three or less, only 
4 of those subjects were successful on any oblique line. Also there 
was no subject successful on an oblique line who scored less than 3 
on the test. Hence, the distributions reported in Table XXI occur 


with little overlap or inconsistency. 
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The distributions were tested by the Kolmogorov-Smirnov Test 
for independent samples. The results are summarized in Table XXIII. 

Conclusion. Hypothesis 4(a) was rejected. The findings 
indicated that the means on items involving lines near the edge of the 
base and means on central lines were not significantly different from 
each other but both means were significantly different from the means 
on the items involving oblique lines. 

The distribution of subjects who were successful on central 
lines was not significantly different from the distribution of subjects 
who failed on all test items or the distribution of subjects who were 
successful on lines parallel to the edge of the bases. However, the 
distribution of subjects who were successful on the obliques was 
significantly different from all other distributions of subjects in 
other divisions. Hypothesis 4(b) was, therefore, rejected. The 
analysis indicated that the older subjects had much more success in 


constructing oblique lines than the younger subjects. 


TEST OF CO-ORDINATION OF PERSPECTIVES 


General Analysis 


This test was used to study the development and integration 
of projective concepts. The test items are explained in detail in 
Chapter III and in Appendix D. The total possible score on the test 
was 4. The mean for the sample in this study was 1.12 and the standard 
deviationwas 0.92. Each test item was scored as 1 or 0 depending on 
whether it was correct or incorrect. However, the characteristics of 
the incorrect choices were investigated and will be discussed in 


another section of this chapter. 
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Table XXIV reports intercorrelations between age and the 
four positions which constitute the test (Appendix D). This correlation 
matrix illustrates that there are apparent inconsistencies in the results 
of this test. This is the first subtest of the total test of spatial 
abilities where age has not been significantly related to the various 
test items. It should also be noted that in no other subtest was there 
greater apparent relationships between test items than in this test. 


Nevertheless, few significant correlations were found. 


Results of Hypothesis Five 


There areno significant differences between 
(a) the mean scores on each of the four positions on the test 
of Co-ordination of Perspectives; 
(b) the distributions on each division on the developmental scale 


for the test of Co-ordination of Perspectives. 


Results. Table XXV reports the distribution over age cat- 
egories for each position in the test of Co-ordination of Perspectives. 
A two-tailed t-test indicated, Table XXVI, that the means on each of 
the positions to the right of the subject and the left near corner 
position were significantly different from the means on each of the 
positions to the left of the subject and opposite the subject. In 
those last two positions the correct choices (Appendix D) contained 
only two cones whereas the subject, from the position, was viewing all 
three cones. The correct choices in the position to the right of the 
subject and the left near corner position each contained three cones. 
This indicates that it was more difficult for the subject to imagine 


a situation with such dissimilarities from his own viewpoint. 
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On the basis of item difficulty a developmental scale was 
devised. Criterion for placement in each of the three divisions of 
the scale was as follows: 

Division 1 - Subjects who were unsuccessful in all problems. 

Division 2 - Subjects who were successful in their choice 
on at least one of the positions to the right 
of the subject and the left near corner. That 
is, problems whose correct sketches contained 
the same number of cones as the view of the 
subject. 

Division 3 - Subjects who were successful on their choice 
on at least one of the positions to the left 
of the subject and opposite the subject. That 
is, problems whose correct sketches contained 
only two cones whereas the subject, from his 
viewpoint, could see three cones. Four of 
the 24 subjects in this division did not reach 
the requirements for Division 2. 

The distribution of the sample in the divisions is reported 

in Table XXVII. 

The distributions in Table XXVII were tested using a 
Kolmogorov-Smirnov Test for independent proportions. The results are 
summarized in Table XXVIII. 

Conclusion. Hypothesis 5(a) was rejected. The mean scores 
of the responses on the position of the 'photographer' to the right 
of the subject and the left near corner position were both significantly 
different from the mean scores on the position of the 'photographer' 
to the left of the subject and when placed opposite the subject. That 
is, the most difficult views for subjects to imagine were those with 
only two cones visible. The subject could always see three cones 
from his position. 


Hypothesis 5(b) was accepted. The distributions as defined 


by the developmental scale were not significantly different from each 
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other at the .05 level. This indicated that although some positions 
were significantly more difficult than others, as was reported in 
Hypothesis 5(a), the responses of the older subjects on those posi- 
tions were generally no more accurate than the responses of the younger 
subjects. 


III. ANALYSIS OF INCORRECT RESPONSES, SPECIFIC OBSERVATIONS, 
OVERVIEW OF THE FINDINGS AND SUMMARY 


Incorrect Responses 


Incorrect responses on the test of Euclidean Space and the 
test of Co-ordination of Perspectives were investigated regarding their 
relationship with other responses of the same subject and the overall 
significance of the responses relative to the development of spatial 
abilities. 

The following discussion centers around the responses of 20 
selected subjects. On item 5 of the test of Euclidean Space six of 
those subjects represented the water as it would appear in a tilted 
beaker as a horizontal and a vertical line rather than the correct 
oblique line. (Oblique relative to the sides of the beaker.) This 


is illustrated in Figure 11. 


FIGURE 11 


ILLUSTRATION SHOWING RESPONSE TO ITEM 5 ON EUCLIDEAN TEST 
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The next phase in administering this item required subjects to 
represent the water in the tilted beaker as it was held for them to view. 
There were 19 incorrect responses on this phase of the test item with 16 
of the incorrect responses belonging to the 20 subjects being discussed. 
All of the 16 responses consisted of a horizontal and a vertical line 
rather than the correct oblique. All 6 subjects who gave incorrect re- 
sponses in the previous phase of this item were included in the 16 who 
gave incorrect responses in this phase. 

Responses on item 6 followed a similar pattern with four of the 
20 subjects representing the plumb line in a tilted beaker as a horizontal 
and vertical line as they were asked to anticipate what the plumb line 
would look like if the beaker were tilted. Twelve of the 20 subjects gave 
an identical response when shown the plumb line in the tilted beaker. 

In comparison, when the beakers were in an upright position 
only two subjects from the total group of 100 were unable to represent 
accurately the water and only one subject was unable to give an 
accurate representation of the plumb line. 

This finding appears to support the notion that young children 
find the representing of oblique lines more difficult than the representing 
of horizontal and vertical lines. The data indicated that the representing 
of horizontal and vertical lines were of approximate equivalent difficulty. 

Six of the 20 subjects were successful in representing at 
least one oblique line in the test of Projective Space with only two 
subjects being successful in representing both oblique lines. This 
is an indication that there is a relationship between the ability to 
represent oblique lines in varying situations - transformations in the 


Euclidean plane and reconstructions which appear to be of a projective 
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nature. 

For each of the four positions in the test of Co-ordination 
of Perspectives subjects had four sketches from which to choose. The 
four sketches for each position represented the following viewpoints: 

- Subject's view 


- Subject's view if the subject leaned in the direction of 
the '"photographer' 


- Reversal of the correct choice 


- Correct choice. 


Using this criterion meant that the same four choices would 
not be used for any two positions of the 'photographer'. Because 
the subject did not change position in arriving at his selection, the 
sketch to represent his viewpoint was included as one of the four 
sketches for all four positions of the 'photographer'. Table XXIX 
shows the number of selections for each sketch in each age category. 
An explanation of the choices as to which viewpoint each sketch repre- 
sents is reported in Appendix D. It is difficult to account for some 
of the findings reported in Table XXIX. The results on the positions 
of 'right or subject' and ‘left of the subject' are almost reversed 
in nearly all age categories especially when considering the selection 
of the 'view if leaning toward the 'photographer"™ and ‘Reversal’. When 
the 'photographer' was placed on the right of the subject 50 percent 
of the subjects in the age category 85-94 months selected a sketch 
corresponding to a ‘Reversal of the Correct Choice’ while 20 percent 
Selected the sketch corresponding to the 'view if leaning toward 
"photographer". When the 'photographer' was placed on the left of 


the subject 20 percent selected a sketch to correspond to ‘Reversal 
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of the Correct Choice' while 50 percent selected a sketch correspon- 
ing to 'view if leaning toward "photographer". On the previous 
position there was 40 percent accuracy for the age category 89-94 
months whereas only 20 percent of the subjects in this age category 
gave an accurate response when the 'photographer' was placed in the 
left position. 

It will be recalled that the correct sketch when the 'photo- 
grapher' was on the left of the subject was significantly more dif- 
ficult than when the 'photographer' was placed on the right of the 
subject. It was suggested that this may have been due to the absence 
of one cone from the left viewpoint. However, this does not seem to 
account for the vast differences in the choice of sketches represent- 
ing a 'Reversal of the Correct Choice’. It is also difficult to 
understand why 52 percent of the subjects in the age category of 
75-84 months were successful when the 'photographer' was to the right 
of the subject but only 40 percent in the age category 85-94 months 
were successful on this position. 

A Kolmogorov-Smirnov Test indicated no significant dif- 
ferences in the distributions for each position except the position 
on the right of the subject where the distribution between the subject's 
view and the correct choice is significant at the .05 level. (The 
required deviation at the .05 level is 0.5227. The deviation obtained 
was 0.5228.) 

The total number of responses for each selection category 
is shown in Table XXX. The distributions, for combined responses on 
all four positions between the subject's view and the total correct 


responses are significantly different at the .01 level (Kolmogorov- 
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Smirnov Test). The required deviation at the .01 level is 0.2506. 
The deviation obtained was 0.2537. No other distributions are 
significantly different from each other. 

The subject's tendency to choose the sketch corresponding 
to his own viewpoint is assumed to represent the characteristic of 
egocentrism. The significant difference in distributions reported in 
Table XXX is therefore indicative that there is a greater degree of 
egocentrism in younger subjects as measured by the Test of Co-ordination 


of Perspectives. 


Specific Observations 


Most of this chapter has dealt with hypotheses testing ivolv- 
ing the 100 subjects in Group 1 as a whole. Consequently, any con- 
clusions and generalizations can be applied only to the complete group 
of subjects. As a means of looking more specifically at individuals 
it was decided to look at the performance of two individuals ina 
particular classroom in each of the four 'grades' from which the sub- 
jects in this sample were taken. The individuals were so chosen to 
represent as wide adiscrepancy as possible. The subject's scores on 
each subtest and the total test scores are reported in Table XXXII. 

With the exception of the two Grade II subjects, each pair 
of subjects were in the same classroom. This table suggests that 
although analysis may indicate developmental trends, in any given 


classroom there may exist a wide range of abilities. 


Overview of the Findings 


The purpose of this section is to investigate relationships 


which may exist between the responses on the various tests and between 
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the conclusions on the hypotheses which have been tested. 

On the basis of the previous analysis and the observed 
behaviour of the subjects it is apparent that the responses can be 
divided into two categories - those related to topological aspects 
and those related to Euclidean aspects. Table XXXII shows the dis- 
tributions of subjects who were successful on some topological and 
Euclidean aspects from each of the three tests of Topological, 
Euclidean and Projective Space. Success on the closure category of 
Topological Space was taken as two or more out of a total possible 
of three. On the two items from the test of Euclidean Space success 
is defined as three or more out of a total possible of four. 

Success on Problem 1 of the test of Projective Space was a score of 
1 since it was scored as 1 or 0 depending on whether or not it was 
correct. 

Table XXXII indicates very close agreement of success on 
the selected problems on the three tests. The unequal number of sub- 
jects in each age category, and in particular the relatively large 
number of subjects in the category of 65-74 months, favors the median 
age to be around 70 months. Hence the use of median ages in this 
case is not as strong an indicator of the relative development of 
those aspects of spatial abilities as it would have been had all age 
categories an approximately equal number of subjects. The age of 
ascension (age at which 50 percent of the subjects were successful) 
was intended to be used in an attempt to make such a comparison more 
meaningful. However, as is evident from Table XXXII the percentage 


of accurate responses made such a procedure inappropriate. 
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Table XXXIII reports the distribution of success on non-topo- 
logical aspects of spatial abilities. The first three items were scored 
l or 0. Hence in those cases success was defined as a score of l. 
Success on the fourth item was taken as 3 or more out of a possible 
score of 4, 

Table XXXIII shows a fairly narrow range in both the median 
ages and the ages of ascension. In all cases the median ages as 
reported in this table are considerably higher than those reported in 
Table XXXII. This suggests a general agreement of topological and 
non-topological properties across the three tests of Topological, 
Euclidean and Projective Space. It does not, however, indicate the 
primacy of topological spatial abilities over the abilities encountered 
in Euclidean and projective space since the ability to represent 
straight lines, as reported in Table XXXII, seems to develop simulta- 
neously with topological properties. This is a tentative conclusion 


and will be discussed in more detail in Chapter V. 


IV. SUMMARY 
This chapter contains an evaluation of the instruments used 
in the study, and the results of testing five hypotheses which were 
associated with the major purposes of the study as outline in Chapter I. 
In addition, some general and descriptive analyses are reported. 

Two different modes of representation of geometric shapes were 
compared and it was found that plasticine strips and pencil-paper were 
not significantly different as media in permitting young children to 
exhibit the kind of spatial ability investigated in this study. 


The main purpose of the study was to make suggestions for 
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geometry activities for elementary grade children. Associated with 
this purpose was the secondary purpose of investigating the develop- 
ment of spatial abilities in young children. This involved the 
analyzing of subjects' responses on four tests concerned with Topo- 
logical, Euclidean and Projective Space and the Co-ordination of 
Perspectives. A general analysis indicated that age was significantly 
related to the development of the abilities investigated by those 
tests. 

Further analysis indicated that the topological aspect of 
ordering on a 'figure-eight' shaped configuration was significantly 
more difficult than the other aspects of topological space which 
were investigated; namely closure, separation, proximity and ordering 
beads on a straight wire to model identical beads on a circular shaped 
wire. 

On the test of Euclidean Space the mean scores on items 
demanding accuracy of lines and accuracy of angles were significantly 
different from the mean scores on items requiring the subjects to 
indicate the presence of lines and angles. On the basis of this find- 
ing regarding category difficulty a developmental scale was devised. 
The subjects were divided into six age categories and distributed over 
four divisions. There was a significant difference between the dis- 
tributions of those subjects who were successful only on the division 
requiring success on the presence of lines and angles and those sub- 
jects in the division requiring accuracy of lines and angles. It was 
also found that the distribution of subjects in the division requiring 
success on the horizontal and vertical categories was significantly dif- 


ferent from those subjects in the division requiring accuracy of lines and 
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angles. In summary, the Euclidean properties appear to be ordered 
with age as follows: presence of lines and angles, accuracy of lines 
and angles, success on items involving horizontal and vertical trans- 
formations in the Euclidean plane; that is, items 5 and 6 on the 
Euclidean Test. 

The mean scores on problems involving oblique lines on the 
test of Projective Space were significantly lower than the scores on 
the other problems involving the construction of lines near the edge 
of the base and central straight lines. The distributions on a scale 
which considered this difference in difficulty indicated that older 
subjects were much more successful on constructing oblique lines than 
were younger subjects. 

On the test of Co-ordination of Perspectives the mean scores 
on the two positions where the sketches corresponding to the correct 
response contained one less object than the sketch representing the 
subject's view were significantly different from the mean scores on 
the other two positions. For those two positions the correct sketches 
each contained the same number of objects in the subject's view. This 
finding was taken into consideration when a scale was set up to 
investigate the distributions over age categories. There was no 
indication, however, that older subjects did significantly better on 
the more difficult problems. This test was further investigated by 
considering the incorrect responses of the subjects. It was found in 
this investigation that when the responses were totalled for all four 
positions there was a significant difference in the distributions over 
age categories between the selection of correct responses and the 


selection of those responses corresponding to the subject's viewpoint. 
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There was general agreement in the age of development of 
the topological aspects of spatial abilities across the three tests 
of Topological, Euclidean and Projective Space. A similar consistency 
was found when non-topological properties were compared across the two 
tests of Euclidean and Projective Space. However, the ability to 
represent straight lines and angles, without attention to accuracy, 
appeared no more difficult than the topological properties of closure, 
proximity and separation. 

The responses of selected individuals dealing with oblique 
lines were consistent across the two tests of Euclidean and Projective 
Space. 

Implications arising from these findings will be discussed 


in Chapter VI. 
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CHAPTER V 


SUMMARY, DISCUSSION AND RECOMMENDATIONS 


I. SUMMARY OF THE INVESTIGATION 

The present study was designed primarily to investigate 
some aspects of spatial abilities of young children and on the basis 
of those findings to suggest some suitable kinds of mathematically 
related activities for the elementary grades. Attention was focused 
on Topological, Euclidean and Projective Space and the Co-ordination 
of Perspectives. Those aspects of spatial abilities were chosen to 
permit investigation into topological spatial abilities in the 
Euclidean plane. Emphasis was placed on the apparent complexities 
of the various aspects of spatial abilities and their order of develop- 
ment in young children. The findings were used as guidelines for the 
inclusion and sequencing of the various activities which have been 
Suggested in the next chapter. 

In order to gather the necessary data a sample of playschool, 
kindergarten, Grade I and Grade II children was selected and the various 


tests of spatial abilities were employed. 


Sample 


The sample of one hundred and ninety-five children was chosen 
by randomly selecting from a total population of eight hundred and fifty 
children in playschool, kindergarten, Grade I and Grade II from schools 
administered by the Edmonton Public School Board. The ages of these 
children ranged from 47 months to 103 months with a mean age of 74.62 


months. 
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Instruments 

The total sample was divided into two groups of one hundred 
subjects and ninety-five subjects respectively. Group 1, one hundred 
subjects, was administered four tests of spatial abilities. The test 
of Topological Space contained five items and was concerned with pro- 
perties of closure, proximity, separation and order. The test of 
Euclidean Space contained six items and investigated closure, the 
abilities to represent angles and lines in the Euclidean plane, and 
the notions of horizontal and vertical representations. The ability 
to represent straight and oblique lines on a rectangular and a circular 
base constituted the six items on the test of Projective Space. The 
test of Co-ordination of Perspectives contained four items in an 
attempt to investigate the integration of the concepts contained in 
the three previous tests. There was a total possible score of forty- 
nine on the total test of spatial abilities. The reliability as cal- 
culated by the Kuder Richardson Formula 20 was 0.796. 

Items 1, 2 and 3 from the test of Topological Space and 
items 1, 2, 3 and 4 from the test of Euclidean Space constituted the 
test which was administered to the ninety-five subjects in Group 2. 
These subjects represented shapes by using strips of plasticine; in 
Group 1, subjects represented the same shapes by using pencil and paper. 
This test was included to permit a comparison between the different 
modes in representing two-dimensional geometrical shapes. For this 


test the reliability was 0.7241 (Kuder Richardson Formula 20). 


II. MAJOR FINDINGS 
The summary of the findings discussed in this section will 


mainly be in terms of the hypotheses which were tested. The next 
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section of this chapter will include a more subjective discussion of 
the findings. 

It was found that there were no significant differences on 
the criterion scores when the responses of the group of subjects who 
represented the two-dimensional shapes by pencil-paper were compared 
with the responses by subjects who represented the same shapes by using 
strips of plasticine. A general analysis indicated that age was 
significantly related to all aspects of spatial abilities investigated 
in this study. This latter finding formed the basis of much of the 
detailed analysis reported in testing the hypotheses. 

Hypothesis One investigated responses on the total test of 
spatial abilities with regard to sex differences. It was found 
on each of the tests of Topological, Euclidean and Projective Space 
and the test of Co-ordination of Perspectives that the performances 
of girls and boys were not significantly different. 

Hypothesis Two dealt with category difficulty and distri- 
bution over age categories on the test of Topological Space. It 
was found that the means on categories of closure, separation and 
proximity were not significantly different from each other. The 
mean scores on the two categories dealing with order were significantly 
different from each other. 

The developmental scale which was formed on the basis of 
the category difficulty distributed the one hundred subjects in Group 1 
over four divisions and six age categories. The analysis indicated that 
the distribution of subjects who were successful on both ordering items 
was significantly different from the distribution of subjects who were 


unsuccessful on the ‘ordering’ aspect but successful on the topological 
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aspects of closure, proximity and separation. That is, older subjects 
responded with a greater degree of accuracy than did the younger sub- 
jeets of the sample. 

Hypothesis Three investigated category difficulty and dis- 
tributions on the test of Euclidean Space. The mean scores on the 
categories of closure, presence of angles and presence of straight 
lines were not significantly different from the mean scores on the 
categories of accuracy of lines and accuracy of angles. The closure 
property on this test was scored as a purely topological aspect. 
Hence, the findings on this hypothesis did not indicate that the 
topological property of closure was significantly easier for children 
to attain than was the Euclidean properties of representing lines and 
angles. 

The distributions on accuracy of lines and angles were also 
significantly different from the distribution on categories of closure, 
presence of angles and presence of straight lines. This indicated that 
a greater proportion of the older subjects was successful on the 
categories of the test of Euclidean Space which demanded accuracy in 
the representations. 

The difficulty of the categories on horizontal and vertical 
representation were not significantly different from each other. 

The construction of horizontal and oblique lines was dealt 
with in Hypothesis Four. The two problems dealing with oblique con- 
structions were significantly more difficult than those problems 
requiring the construction of lines near the edge of the bases and 
those involving central straight lines. The problems were grouped in 


three divisions to include lines near the edge of the bases, central 
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straight lines and oblique lines. The subjects' responses were dis- 
tributed in those three divisions over six age categories. The dis- 
tributions on the first two divisions were not significantly different 
from each other but both distributions were significantly different 
from the distribution on the division of oblique lines. The older 
subjects showed a high degree of success in all problems, whereas few 
of the younger subjects gave accurate responses to problems involving 
the construction of oblique lines. 

Hypothesis Five involved investigation into the Co-ordination 
of Perspectives. This test required subjects to select from four 
sketches of a ‘mountain scene’ the choice which correctly identified 
the view of a 'photographer' who occupied a succession of four different 
positions. The correct sketches for two of the positions contained 
two mountains whereas the correct sketches for the other positions and 
the subject's view of the scene always contained three. Those latter 
positions were found to be significantly easier than the previous two. 
The distributions on the four positions, when considered over six age 
categories, were not significantly different from each other. There- 
fore, part (a) of Hypothesis Five, dealing with position difficulty 
was rejected. Subjects apparently experienced great difficulty in imagin- 
ing a view of the 'mountain scene' which contained fewer 'mountains' than 
was visible from their own viewpoint. 

In summarizing the findings from the various tests it was 
found that generally the responses were indicative of two levels of 
conceptualization - topological and Euclidean (or Projective). It is 
not obvious from the findings in this study, however, that the latter 


develops later in children than the aspects of topological spatial 
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abilities. This will be discussed in the next section of this 
chapter. 

Selected responses from each 'grade' level of the sample 
indicated that there was a wide range in the development of spatial 
abilities within a given single classroom. There is some suggestion 
that this range of differences may decrease with the increase in the 
years of schooling. However, a definite conclusion in this regard 


is beyond the scope of the present study. 


III. DISCUSSION OF THE FINDINGS 

The relationship of age to the various aspects of spatial 
abilities as investigated in the present study was indicated by 
correlations. Beyond this general overview it was decided not to 
employ correlations as a means of analyzing the responses. This 
decision was made for two reasons. The first centers around the 
age range in the investigation of any developmental phenomenon. The 
solution to overcome this difficulty was not obvious. To use partial 
correlations to control for age may have resulted in partialling out 
the developmental factor itself - the very aspect which was being 
investigated. The second reason is implicit in the first. The only 
variables, other than the variables in the instruments, were sex and 
age. The responses of the different sexes, consistent with most 
research in this area, were not significantly different. Hence, age 
was the only variable remaining. This situation existed because of 
the difficulty in obtaining information on variables such as intelligence 
quotients, father's occupation, and previous schooling - variables 


which have been suggested by research as being influential in child 
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development. If sufficient information had been obtained. then perhaps 
correlations and partial correlations would have been justifiably more 
widely used. 

The position taken, therefore, in the present study was to 
examine the protocols in detail in relationship to the age of the 
subjects as a means of investigating the developmental trend suggested 
by the correlations. 

The categories of closure, proximity, and separation on the 
test of Topological Space were of approximate equivalent difficulty. 
This does not mean that generally it can be concluded that the concepts 
of proximity and separation develop simultaneously with the concept 
of closure. This conclusion is not possible from the information in 
this study since it appears that the shapes to be represented did not 
provide sufficient opportunities to distinguish those concepts. To 
make the shapes more complex would have forced consideration and 
distinction of motor integration and perceptual development. The 
shapes used were rather primitive but important since they were 
related to mathematics and they did permit an examination of the 
closure property. 

The category on ordering beads from the circular shaped 
wire presented little difficulty to most subjects. However, the 
last category on the test of Topological Space which required subjects 
to arrange beads on a straight wire to correspond to the order on a 
"figure-eight' shaped configuration presented much more difficulty. 
Almst all the subjects erred at the intersection of the wire. It 
may be that the subjects forgot that the wires were not joined, 


although this appears unlikely for two reasons. First, success on 
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this problem correlated highly with age. (It may be, however, that a 
memory test would also have correlated significantly with age.) 
Secondly, during the training session subjects were shown repeatedly 
that the wire forming the 'figure-eight' could indeed be made straight 
and without exception all subjects seemed to understand this part of 
the instructions. It may be that the subjects did not clearly under- 
stand the task but there was no overt evidence during the testing 
period. 

Many subjects who were successful on the categories on the 
Topological Test were unsuccessful on other aspects of the spatial 
abilities investigated in this study. Nevertheless, this does not 
mean that the cognitive structures of those subjects were quite 
undeveloped. There is evidence (Laurendeau and Pinard, 1970; Piaget, 
1967) that the responses of subjects younger than those in the sample 
in the present study would have been indicative of a more chaotic 
stage of cognitive functioning. The success of subjects on this test 
then, indicates the child's systematic attempt to represent a situ- 
ation by assimilating it to what he already knows. However primitive 
this system may appear it nevertheless is indicative of a mental 
organization exhibiting ability to assimilate reality to action. 

It was apparent from the subjects’ comments as they drew 
the shapes in both the Topological and Euclidean Tests that many of 
them realized they had not accurately represented the shape but they 
appeared quite unable to correct it. For some subjects the inaccuracy 
was apparent to them in the process of drawing and for others it 
became evident only when they compared the shapes on completion. Most 


difficulty was encountered in cases involving oblique lines as in the 
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triangle and the rhombus. It was also observed that subjects experienced 
less difficulty in representing the base line of the triangle and the 
two base angles than they did in representing the apex of the triangle 
which, of course, involved the intersection of two oblique lines. 

Several of the younger subjects inquired of the investigator 
"Does it look like I'm making one?". When they had completed the 
drawing the investigator asked if what they had drawn was like the 
shape presented to them and although in many cases their drawings 
were mere scribbles those subjects said their shapes indeed resembled 
the models. It seems unlikely that the younger subjects experienced 
a purely visual discrimination problem. The difficulty may have been 
caused by a loss in discriminatory ability in the shift from one model 
to the other, or it may have been that those subjects really did not 
believe in the correspondence of the shapes but failed to appreciate 
the need for the accuracy demanded by the test items. In older sub- 
jects, however, even though inaccuracies occurred the shapes were 
recognized by the subjects as not being accurate representations. 

Most of the shapes in both the Topological and Euclidean 
Tests were easily labelled. An unusual number of subjects thought 
the shape which constituted item one on the test of Topological Space 
was very difficult. Subjects who labelled the shape a 'foot' usually 
drew it as such and were generally more successful than those who 
failed to put a name on the shape. 

During the testing period it was observed that the number 
of eye movements from model to drawing varied greatly with subjects. 
There was no accurate count of these eye movements but it was apparent 


that the number increased with older subjects. In Group 2, where 
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subjects represented shapes by using strips of plasticine, a count was 
made of the number of strips of plasticine used by each subject to form 
each shape but this number was not significantly related to any other 
variable in the test. 

The responses to phase two of items 5 and 6 of the test of 
Euclidean Space required subjects to draw oblique lines. This was 
found to be much more difficult than phase one of the same problem 
which required a horizontal and vertical line respectively. A great 
number of the subjects who had difficulty on those items also did 
poorly on representing the triangle and the rhombus. There were cases 
here where subjects realized they had not represented the water or the 
plumb line accurately but were unable to draw the necessary oblique. 

A number of subjects resorted to a combination of a horizontal and 
vertical line as a substitute for a single oblique. 

The difficulty for subjects to represent an oblique line in 
the Euclidean plane was also reflected in threeedimensional space. In 
the test of Projective Space, which dealt with the projective straight 
line, the items requiring subjects to construct oblique lines by using 
matchsticks in clay bases were significantly more difficult than the 
items requiring straight lines near the edge of the base and central 
straight lines. It was assumed by Laurendeau and Pinard (1970) that 
the ability to represent lines other than obliques was governed by 
perceptual influences offered by the visible contours of the bases 
on which the lines were formed. This conclusion was suggested by the 
fact that subjects when required to construct straight lines near the 
edge of both the rectangular and circular bases were generally success- 


ful. However, it must be noted that in the Laurendeau and Pinard study 
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the circular base was placed on a rectangular table with the segment 
containing the path of the line to be constructed protruding over 

the edge. Consequently, it is likely that subjects' responses were 
greatly influenced by the outline of the table. In the present study 
both bases were placed on an unpatterned floor and the problem which 
required a straight line to be constructed near the edge of the circular 
base (Appendix C, Problem 4) appeared quite difficult for some sub- 
jects. The responses were obviously influenced by perceptual cues 

since many of thesubjects constructed lines which followed the arc 

of the circular base. 

Laurendeau and Pinard (1970) also observed that a response 
to one item on the test of Projective Space greatly resembled the 
previous response despite the different criterion. They attributed 
this to invariant perceptual cues from one problem to the next. In 
the present study, however, it was observed on items 5 and 6 of the 
Euclidean Test (Appendix C) that subjects sometimes drew a vertical 
plumb line instead of a horizontal line to represent water and vice- 
versa depending on the order in which the items were administered. 

In this case the perceptual field was vastly different from one item 
to the next because of the introduction of different stimulus. It 
is not clear why this sometimes resulted and an investigation of this 
aspect is beyond the scope of this study. It may be that such 
occurrences are more related to individual learning styles and 
flexibility of individuals than perceptual influences caused by 
similarities in the spatial field. 

From the findings of the present study it is apparent that 


success on the construction of straight lines near the edge of the 
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rectangular and circular bases are greatly influenced by perceptual 
cues but it must also be noted that those constructions demand 
attention to the more specific relations of continuity and spatial 
order which constitute the basis of the topological line. Construc- 
tion of such lines do not, however, require an internal reconstruction 
of a real activity as in the construction of the obliques. In master- 
ing the obliques the subject must be able to co-ordinate his movements 
in the Euclidean plane. The distinction between the two types of pro- 
blems is a shift from the intuitive to the operational level of 
functioning which may or may not be manifested by an ‘aiming' behaviour 
involving both the subject himself and the two 'houses' which were 
placed on the base. Twenty-four of the fifty-five subjects who were 
successful on the obliques showed no indication that they were ‘aim 
ing’ in constructing the line. Many subjects assumed a position of 
looking down on the base and formed the straight line by placing the 
matchsticks between their hands and gently moving them in a straight 
line position. This behaviour may have indicated Euclidean spatial 
abilities with attention given only to the position of the match- 
sticks relative to the adjacent sides of the rectangular base and the 
arc of the circular base. Alternatively, in representing the two- 
dimensional shapes subjects may have made use of projective spatial 
abilities. (It was not obvious that this was the case.) In summary, 
it was not possible in the present study to distinguish between those 
spatial abilities which may be termed Euclidean and those which may 
be termed Projective. Consequently no comment can be made regarding 
whether or not the two abilities develop simultaneously. Laurendeau 


and Pinard (1970) in their study on the development of the concept 
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of space in the child reached a similar conclusion. 

The test of Co-ordination of Perspectives was administered 
to investigate the integration of topological and Euclidean spatial 
abilities. In administering this test a number of difficulties were 
encountered and various inconsistencies became evident. The testing 
areas in some of the schools in which data was collected were too 
small to isolate the testing apparatus. This prevented subjects from 
being able to move around the layout to verify their responses. If 
the testing areas had been sufficiently large a more intensive train- 
ing period would have been undertaken. This would have provided 
increased assurance that the subjects understood exactly what was 
required of them. 

Various inconsistencies in the responses on this test were 
discussed in Chapter IV and are verified in Table XXIX. These incon- 
sistencies are difficult to account for. Improved results may be 
obtained in future administering of this test if a testing area of 
ample size is used and an intensive training period is undertaken. 

It may be however, that the whole situation is too complex for such 
young children as was used in this study. 

There are two main conclusions to be drawn from the results 
of the test in this study. First, the most difficult views for sub- 
jects to imagine were those containing one object less than the 
number of objects present in their viewpoint, and secondly, there is 
an indication of an egocentric attitude being more predominate in 
younger subjects than in older subjects. This conclusion was arrived 
at by an investigation of the incorrect responses. Laurendeau and 


Pinard (1970) reported similar findings. 
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The findings of the present study do not support the theory 
(Piaget, 1967) that topological abilities develop in children earlier 
than spatial abilities of a Euclidean nature. This was evident in 
that the closure category of the test of Euclidean Space, which was 
scored from a topological viewpoint, was of approximate equivalent 
difficulty as the categories requiring subjects to represent lines 
and angles. It was also found that the median age of success on the 
topological categories of closure, proximity and separation was very 
close to the median age on the Euclidean categories of presence of 
angles and presence of lines. This result is not surprising in view 
of an analysis of the problem situations involved. It appears unlikely 
that there is a great deal of co-ordination or organization necessary 
within the Euclidean plane to ensure success on the categories of 
presence of lines and angles. Subjects must be aware of the continuity 
and order in representing straight lines which is basically a topo- 
logical characteristic. In representing angles the subject must be 
able to co-ordinate the forming of one line with the preceding line 
which he has represented. If this is represented in a very gross 
manner the response is still indicative of the subject's ability to 
represent angles. It is not necessary in the solution to such a 
problem for subjects to be aware of the relative location of the model 
in the Euclidean plane, rotation is not important and neither is the 
size of the angles nor the lengths of the lines. If those things were 
considered and if the requirement were an accurate representation of 
two-dimensional shapes, then the problem becomes much more difficult 
and the ability required for success on problems of this nature appears 


to occur later in children than the ability to indicate the mere 
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presence of lines and angles. That is, the findings of this study indi- 
cate that it is the accuracy in representing two-dimensional shapes 

in the Euclidean plane that develops later than the more intuitive 
abilities associated with topological representation. It appears that 
this is the case because of the attention which the subject must give 

to the spatial field both within and external to the model itself. 

On the items concerning the projective straight lines per- 
ceptual cues had an obvious influence on the responses especially of 
younger subjects and obliques demanded co-ordination and organization 
beyond the ability of many subjects. The difficulty in analyzing this 
test was whether the construction of an oblique is indeed indicative 


of projective abilities or whether the ability to operate ina 


Euclidean plane is sufficient. 


IV. RECOMMENDATIONS FOR FURTHER RESEARCH 

This study was concerned with an investigation and related 
activities on only part of the total area of spatial abilities. One 
recommendation for further research is a study into other aspects of 
spatial abilities of young children such as tactile perception and 
exercises involving transformations. This would provide a broader 
base on which to formulate a more complete mathematics program in 
the elementary grades. 

A second recommendation for further research is related to 
information on subjects. It is felt that information on variables 
such as language comprehension, intelligence quotients, previous school- 
ing and home background would be valuable in permitting some general- 


izations regarding the development of spatial abilities. It is 
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suggested that if such a study were undertaken the sample should be 
limited,since obtaining data and the detailed processing of data of 
this kind is very time consuming and difficult. 

A third recommendation for further research in the elementary 
grades is of the kind presently being undertaken by Bober (1972) 
with high school students. This research is a pretest - training - 
post-test design. The pretest and post-tests might be tests of spatial 
abilities similar to the instruments used in this study. The activities 
might be of the kind suggested in Chapter VI. 

It was considered impossible in this study to determine 
the abilities being exhibited in the responses to some items on the 
test of Projective Space. Related to this problem is the presence 
of what Piaget terms horizontal décQlages. A fourth recommendation 
for further research concerns the analysis of subjects' responses. 
The recommendation is for a study in the investigation of general 
spatial abilities and the responses factor analyzed to determine the 
factors involved in the responses without predetermined labels on the 
kinds of spatial abilities being tested. It may be that many problems 
demand kinds of abilities quite different from those suggested by 


theoretical considerations. 
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CHAPTER VI 


IMPLICATIONS AND ACTIVITIES BASED ON THE FINDINGS 


OF THE STUDY 


The ultimate purpose of this study was to provide suggestions 
for activities which could be used in elementary grade classrooms. The 
activities which have been suggested have relevance to mathematics as 
a discipline. However, the prime motivation for those suggested 
activities arose from the findings regarding the spatial abilities 
of young children. Teachers and mathematics educators recognize the 
need for activities in elementary grade mathematics which will aid in 
the development of spatial abilities, promote a higher level of cog- 
nitive functioning and generally aid the child in establishing some 
organization to what otherwise might be chaotic surroundings. 

In the previous chapter the findings of the investigation 
into some aspects of spatial abilities of young children were reported 
without reference to implications for elementary mathematics. In 
this chapter the findings of the study are summarized with specific 
suggestions relating to the development of part of a mathematics 
program for young children. The suggestions must be interpreted in 
view of the limitations of the study. 

The findings suggest the following: 


- For any given age the spatial ability of boys and girls 
are not significantly different. 


- Spatial abilities increase significantly with age. 


- The topological abilities of closure, proximity, separation 
and simple ordering of objects are wel] developed in most 
children by the time they enter kindergarten (around 5 
years). Children of this age and older enjoy activities 
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involving those aspects but a program of readiness appears 
to be unnecessary in this area. 


- Ordering from a shape such as a 'figure-eight' configuration 
presents difficulty for many children in playschool, kinder- 
garten, Grade I and Grade II. 


- Most children from 5 years possess the ability to recognize 
and represent straight lines and angles. This appears to 
be no more difficult than the representation of the topo- 
logical aspects of closure, proximity and separation. 


- There is a significant development with age in the ability 
to represent straight lines and angles with accuracy. Where- 
as, it appears unnecessary to implement any program with 
activities leading up to recognizing and representing lines 
and angles, the findings do imply that activities of this 
nature are necessary to develop accuracy in those areas. 


- Children in those earlier years (5-8 years) have great 
difficulty in sufficiently structuring their thought to 
overpower the perceptual cues of the spatial field. This 
is much more pronounced in younger children (5 years) than 
in older childern (8 years). In the present study this 
was evident in the items on horizontal and vertical trans- 
formations and on the construction of the projective straight 
line. The suggestion is, therefore, to engage children in 
sequenced activities which require children to take an 
increasing number of perceptual cues into consideration in 
solving a problem. That is, depending on the 'conflict' 
with which a given child is able to cope, the perceptual 
cues could be strengthened or increased in number. 


- The construction of an oblique line is almost impossible 
for most 5 year olds and presents quite some difficulty 
for 8 year olds. This difficulty appears related to location 
and orientation in the Euclidean plane. Activities involv- 
ing drawing in two dimensions should be included in elementary 
grades. 


- It is difficult for young children (5-8 years) to imagine 
a setting from a viewpoint other than their own. It reflects 
perhaps a characteristic of egocentrism which appears pre- 
valent in such young children. Because of the difficulty 
which most children in the elementary grades seem to experience 
in this aspect of spatial abilities, activities should be 
in a simple setting. Exercises which are highly contrived 
and embedded in complex settings should perhaps be delayed 
until latter grades. 


The activities and suggestions contained in this chapter 


are not to be regarded as representative of a complete mathematics 
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program for elementary grades. They are representative only of the 

kinds of activities associated with the aspects of spatial abilities 
which were investigated in this study. Hence, there are many areas 

of mathematics which may be suitable for elementary grades and which 
should be included in a total elementary program which will receive 

no mention in the activities which follow. 

In considering the activities it must also be remembered 
that they have been tried very minimally with elementary grade children. 
They are presented as a guide rather than a course of instruction and, 
therefore, it is expected that modification is necessary in many cases. 
In devising the activities the findings of the investigation was a 
basic consideration. An attempt was also made to try to make the 
activities simple enough to be attractive but challenging enough to 
be interesting. Activities for group work were considered as well as 
opportunities for independent investigations. The materials which 
have been suggested are generally accessable and are used to relate 
to some mathematical concept rather than the scientific behaviour 
of the transformed objects which may be involved. That is, an effort 
has been made to focus the subject's attention on properties arising 
from action on the objects rather than on the property of the objects 
themselves. 

The following activities are suggested for elementary grade 
children in the age range of 5-8 years although it is recognized that 
many children outside this age range may find some of the activities 


challenging and rewarding. 


Ala > ml 


dotdw bas ee Woodie § x03 pre ae yom dobdw estiamed3am to 


sviso93 Iltw dotdw mexgo07q yiainsisia Teves nl bebulomt ed bIvoda 


.wolfo} dotw asivivizes ong at noticem on 


bexedmems. 9d oaks jeun 31 asitivigosedd, gatteblanoo al 


snatblido abatg vredirsma le abe vi Lenkokn ay ‘baka aged sys yods tadd 


, DMs ‘poltautsadt 0 ezoo ‘6 asda aailiet: ohtua B. as beineastq S12 yodT 


.a5a85 yosm ni yirsaesosc eb nobsgottibom teda Nateoliie et at ,st0tetsds 
6 aaw nolssgtsesval sis to/dgatbnt? sii astsivisos efi gateatveb oI 
edt adem ot yaa 03 sbsm oats Bo Jomstics ak .molistablenos stesd 

od dgvons gnignsfisdo uk ovisonas38 9d 0% figuons slqmlea sas oa! ba 
ap Ifow as bsrsblerios stew Arow qvotg. 102 B9ltivisoaA jetsenteset od 
doidw alstiusssa dT --emoljagijasvat “tnebssqsbat tol aelainuizeqqo 
stsist ot boau ste ‘ee sidsezsson ylilaronag sts beteogaua aeed svad 
xuolvedsd of3tjneioe odd apd isdisy tqeoqo> Inotaamsdism smoa 03 
j10739 As at spit .bsviloval sd yam ‘iSiiw ertoetdo bemiolensy3 sd3 Io 


gitatxs esitisqotq ac molinetia e'Jostdye sii aup0i o3 obsm ossd asd 


esjos(do a3 Io yItedqorq $03 no nsiii tarivex etostde afd mo notsos mor» 


-eovisemeds 
sbstg _isisomsls Jot betseggue sxe estsiviios goiwollol sdT 
isd3 bosingoss1 et 4k Aguodiia emey 8-2 to sana ope of2 at noxbitdo 
: ; : vy ¥ ~. » 


gattiviios sii to smog bak? Yam agnax sas. elisa ebtatve sexblido yasm 


-gotbiswa baa gatgnstiedo 


159 


ACTIVITY 1 


Purpose: To provide experiences to assist children in recog- 
nizing the characteristics of curves, lines, and angles in 2-D and 
3-D shapes. 

Materials: A supply of geometric solids of different shapes 
and colors. 

Procedure: Children are asked to put the geometric solids 
into different groups. The number of groups will depend on the 
attributes which the child is using. If, for example, the shapes are 
only two colors, he may decide to have one group for each color. This 
may be an interesting and challenging activity for some children. 

Other children will group the objects according to their 
shapes. A gross classification may be those that roll easily and 
those that do not roll. The different groups will depend on the 
child and the shapes provided. In selecting objects care should be 
taken to have similar shapes of different colors and dimensions; for 
example, have several cylinders of different colors and sizes. This 
gives the child an opportunity not only to compare differences in 
shapes like cylinders and rectangular solids but also an opportunity 
to compare shapes for identical characteristics. The variety of 
shapes will depend on the capabilities of the children involvéd in the 
exercise. 

A similar activity could involve classifying two dimensional 
shapes cut from colored paper on bristol board. 

Such an activity should help to make children aware of the 


characteristics which distinguish geometric shapes. 


neqede Jngreiitb io JE re peace do viggcs A 


abbfor aitismesa ort ite Be bolas 98 nor Lt 4 
sit no bosqsh {Liw equo%tg So ’4admun Sat -aquotg Ineetiib wah es 

91s asqnda sdt ,olqmexs 363 (2h egakew at bits odd ssid posudbyx339 ° 
atiT .xamloo Hoss tot quoxg, sno syad ar ebtoob van sd .atolos ous “¥hBo 
-asabitdo smoa vot vkvkios yxteusifedo bas gntresissat oe od yan ra 


tisd3 03 gntbroose Aaa do efi quo7rp litw asabitds isd3z0 i 
a wales 


bos yikess Ifor edd aeons ad yar ia alam baneiae seorg A 
sii no baeqsb Iliw equorg tnstettih srt “ites gon ob Juri seals 
ad biudde siss etostdo gnotdosise ni -.besbivotq esqede edd bas bLido 
161 ;enotanomtb boa atoloa Yaststikb to sequde reltmie svad o3 aoals3 | : 
abd’ .eSsle bas atolos Yaaxs22hb Yo eishokiyo Iszeves svad .stquxe : 
nt 29ons1s2tkb eraqmos 64 vino don votnutyoqqo me blids sd3 acvkg 4 
itavs toque ab ocis jud eblioe rsiugnstos1 bys szebatiys sAkl eaqade 
to yislisy sdT -aatsetussos reds fastinsbt rol soqads exaqmoo A 
oft at baviovut oxblids sid %0 solsiitdagas oid ne baegeb Lltw eagatia 
| .setotexs a 


ie 


a ha ahaa ded adbyakeasto eviovar biyos vaivisos xefkmbe A | | fey 


=z 2 : 


- Bunod foskiyd ao soqtq beyeloo sort a eoquda 
a nie 


od to s18ve awbiNda dete 05 Giett-biueds WhvEtoe on oud 


140 


ACTIVITY 2 


Purpose: To provide experiences regarding closure, continuity, 
separation and proximity. 

Materials: Sheets of thin rubber approximately 6" by 6". 
Felt markers. 

Procedure: As an orientation to the planned activity suggest 
that children draw any shapes they wish on the rubber sheets. Stretch 
the rubber in various directions and watch how the shapes change. 

(Many children will respond readily to the situation without any 
suggestions by the teacher.) 

Following this introduction to the materials the teacher 
could draw a circle on a rubber sheet and ask the pupils to draw a 
similar shape. Some pupil's drawings will be rather crude but almost 
all pupils at this level will draw a closed curve which will resemble 
a circle. Experimenting with this shape will convince children that 
the circle will change shape on stretching but will remain a closed 
curve. Next, a mark to represent a boy or girl is placed outside the 
circle and another mark to represent a rabbit is placed inside. The 
object of stretching the rubber sheet is to see if the distance between 
the boy (girl) and the rabbit changes and if the rubber can be stretched 
so that the boy (girl) is inside the circle or the rabbit is outside. 

The activity could be continued by changing the shapes to 
be represented on the rubber sheet (shapes should be kept simple) and 
children could suggest shapes and invent situations to be investigated. 

Guidance from the teacher should result in the children 
concluding that the topology of a representation is unchanged by the 


transformations. It is not suggested, of course, that pupils or 
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teachers would use this terminology but situations leading to this 
conclusion might include the following: 
- an arc of a circle being made straight 


- acircle stretched but not made straight and not an open 
curve 


—- an open curve not becoming a closed curve 


- two lines which intersect not becoming disjoint and vice 
versa 


- path drawn from point A to point B changing in length but 
remaining unbroken. 


ACTIVITY: 3 


Purpose: To create an awareness of boundaries (closure). 

Materials: Large plastic hoops some of which have been 
cut to form open curves. 

Procedure: Place the open and closed hoops on the floor 
and place objects inside and outside the closed hoops and in the 
corresponding positions for the open hoops. Children could best be 
used as those objects. (Play a game resembling the ‘Simon Says' 
game.) The teacher or a pupil could give the instructions which 
would require the children to move inside the hoops or outside and 
hence would stress the notion of boundaries. A pupil is out of the 
game when he makes a move contrary to the instructions. 

A discussion could take place regarding the similarities 
and differences of the closed and open hoops. Children could be asked 
to find examples of open and closed shapes in their classroom, an 
example of which might be the room itself with the door closed and 


another with the door open. 


“gts ies ses um chide 


: 7 ‘a 


woge ms on bas, aghense abia-7on Dod daoean alone 4 = a [oa 
pede oI 7 
sviuo bsaols & setenaad: ton svxuo mego - * 7 : an 
soiv bns tnroteth gntmovad ton jnsersant dobdw samt hie Lae ot i 
| se1ev Lh Ls) 
Jud Hagnol at sabgasdo> & takoqg o2 A *wnedoxdny, padat ones seq oe ot _ : 
. . on : 
.(91bedI5) eatisbavod to eesqetswe os Siasto OT  saa0quud | 7 | 
nesd sve doliiw to stioe aqood ordeelq sytal : alebyjsh ah : 
.a9VIwS aoqo «oY arte | 
1gult sif3 a0 aqood hegolo bee mqo ent ‘eosi% eawhese7s4d 
at ot bas equal bseolo sds sblaiue boa sbteat edostdo edatq bas | ‘ 
sd sad utbes qaItbitdO .eqodod moqo at) x0d eaottia2og cot hikealennan 7 
"ayed anomie! oz golidmoszos smeg 8 val) .etzstdo seodd es boey 7 
tiotiw anoljsumtent efx svig Blues ‘ihe a zastinss3 siT (.smag ¥ - 
bas sbiesuo 10 Bqoori “" ableat atom od netbirds oa sikups1 bivow | 
ad3 to 4uo ef fiquq A .estisbaddd io goiszen sia ses12e biuow pies | 
.2a0kjouTienk sit o3 quT Indo svom & saxam mn asrw oni | 
eoistyelbmte ora Dakin be 356fq sans Dinas: ndieauserb A i ; 
7 sé bites neebLtdo vaqood meqo bas Baeols siz 20 poono1s22tb ive 7 


a | f ; - 
nm yaooreent> lady at angers botots tan mono to salguexe bmi a2 


ais ob Se ai st ed at phn dake Yo aE 


lett hie 


142 


ACTIVITY 4 

A shortage of material for mathematics can sometimes be 
compensated for by pupils using their bodies to perform the desired 
transformations. 

Purpose: To create an awareness of words and concepts 
related to proximity, separation and enclosure. 

Materials: None necessary. 

Procedure: The teacher could involve all the children in 
activities in 'body' mathematics. No classroom reorganization is 
necessary. Children can stand by their desks. The teacher may call 
the instructions at first but it is suggested that this role be taken 
in turn by pupils as soon as the game is familiar to them. 

The instructions might include the following: 

- place your left hand near your chin 

- put your right hand far from your face 

- join hands with a partner to make a shape with no corners 

- join hands with a partner to make a shape with two corners 
- sit on the floor, make yourself into a shape that will roll 
- lie on the floor. Roll to the left, roll to the right 


- turn so that your head will be where your feet are now. 


A pupil retires from the game when he realized that he has 
not followed instructions. He demonstrates to the class what he did 
wrong and what he thinks the right procedure would have been. He is 
then permitted to continue the game with his classmates. The teacher, 


even though she may see errors, does not ask pupils to leave the game. 
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ACTIVITY 5 


Purpose: To provide experiences in the topological property 
of ordering and the Euclidean aspect of location in the Euclidean plane 

Materials: Seven or eight objects of different shapes and 
cofors. 

Procedure: Arrange three objects in a straight line and 
provide the pupil with three similar objects and ask him to arrange 
his objects to look like those in the straight line. An example is 
shown below. 

The difficulty encountered by the pupil will indicate the 
rate at which the number of objects should be increased or the patterns 


made more complex. 


Objects 


given to 


Red Green 


Blue 


If the straight line ordering appears too simple arrange 
objects in a circle or some other pattern. Some patterns are suggested 


below. 
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A development of the concept of ordering would imply that it 
is best to move from objects differing by more than one attribute to 
objects differing by only one attribute. The activity can be varied 
by requiring pupils to copy the order of objects which have been strung 
on a wire or stick. 

If geometric solids or beads are not available objects such 


as books or colored paper can be used. 


ACTIVITY 6 


Purpose: To provide opportunities to represent two dimensional 
open and closed curves. 

Materials. Geoboards, supply of rubber bands and assignment- 
cards containing shapes and patterns to be copied. 

Procedure: Depending on the quantity of geoboards children 
could work independently or in small groups. 

The first part of the activity requires the child to copy on 
a geoboard a closed shape from an assignement card which is provided. 


A sample card is shown. 
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After a number of such cards the shapes could be changed 


to simple open shapes as shown. 


Next children could be required to make closed shapes from 
open shapes on the geoboards. Appropriate assignement cards could be 
provided. 

Children could also be given instructions orally and be 
required to make such shapes as follows: 

- closed shape with 4 sides 
- closed shape with 3 sides 
- try to make a closed shape with 2 sides 


- make an open shape with 2 sides. 


More advanced children might like to make patterns by 


expanding on a given pattern. An example is shown. 
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ACTIVITY 7 


Purpose: To create an awareness of the relative character- 
istics of two dimensional shapes. 

Materials: Sheets of plain paper or cardboard and a supply 
of cardboard shapes - circles (approximately 1's" in diameter), squares 
(approximately ls" sides), rectangles (approximately 1" by 2"), and 
triangles (approximately 1's" sides). 

Procedure: Each pupil requires a plain sheet of paper or 
cardboard and a sufficient number of shapes to cover it completely. The 
object of the activity is to use each group of shapes to try to com- 
pletely cover the sheet of paper leaving no places where the paper 
can be seen through the shapes being used but it is permitted for the 
shapes to protrude over the edge of the paper. 

Get pupils to sort the supply of shapes into four groups, 
each group corresponding to the four shapes to be used. First get 
them to try covering the sheet with squares. When they have been 
successful with this shape they might try using the rectangles or 
triangles. When the circles are used the teacher should initiate a 
discussion on the characteristics of the shapes and discuss why the 
circles will not work in this problem. 

In this way children will become aware of the relative 
characteristics of two dimensional shapes. Attention could be 
directed to objects in the classroom or objects which the pupils can 
think of which might be used to cover the plane surface and those 


which could not be used. 
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ACTIVITY 8 


Purpose: Exercise in constructing and recognizing two- 
dimensional shapes. 

Materials: Cardboard or some similar material from which 
to make jigsaw puzzles. Paper cutter or scissors. 

Procedure: Pupils are supplied with sheets of cardboard 
or some similar material which have been divided by lines. An example 


is shown. 


They can work independently or in pairs to draw a picture of their 
choice on the sheets which have been provided and then cut along the 


lines to form individual pieces. 
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Children can then assemble the puzzle they have made or they might 
exchange and assemble puzzles of other pupils. 

As an added activity the pieces from a number of puzzles 
could be mixed together. The assembling of a number of puzzles mixed 
in this way provides a challenge for the more advanced pupils. Other 
pupils might find it interesting and challenging to make a puzzle by 


drawing their own lines as well as their own pictures. 


ACTIVITY 9 


Purpose: To provide practice in recognizing two-dimensional 
shapes which involves discriminating sizes of angles and relative 
lengths of sides, as well as recognizing positions and patterns. 

Materials: A number of small plastic discs or some similar 


object, a supply of paper approximately 8" by 8" divided into sixteen 
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or twenty-five squares. Each square contains a shape as in the illus- 


tration below. A supply of small square cards containing shapes to 


resemble those on the sheets. 
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Procedure: All sheets may be alike. Different arrays of 
shapes can also be interesting. The game is played much like 'Bingo'. 
The teacher or one of the pupils holds up a small square containing 
a shape and the player places a disc over that shape if he can locate 
it on his card. The first person to form a horizontal, vertical or 
diagonal row with the discs is declared winner of the game. 

If the teacher does not have access to discs the pupils 
could put a mark on the shape on their sheet to indicate that it has 
been 'called'. If discs are used the same sheets can be used over 
again. The teacher may find it useful to make a master sheet and 
duplicate a sufficient number for the class. Some of the shapes 
which are held up should be similar but not identical to those on 
the player's sheets. 

This activity can be adjusted for older pupils by increasing 


the similarities and complexity of the shapes on the sheets. 


ACTEVITY O16 


Purpose: To create an awareness of lines and angles and 
to provide experience in forming lines and angles with some degree 
of accuracy. 

Materials: Geoboards, supply of rubber bands and a number 
of geometric solids. Cards containing pictures of geometric solids 
and their faces. 

Procedure: The activity requires pupils to trace the faces 
of the various shapes by using geoboards and rubber bands. Some 
pupils might like to trace the face of the solids on paper and then 


make the shape on a geoboard. The procedure which is adopted should 
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be the one most appropriate for the individual pupil. 

As a variation in this activity, cards containing pictures 
of geometric solids could be used. The object of this activity is 
similar to the previous one except pupils do not have the actual 
objects. The back of the cards contain pictures of the faces of each 


object. Pupils can check their work by turning the cards. An example 


Front Back 


of a card is shown below. 


AX J 


Advanced pupils might be given the additional activity of 
naming the shapes of the faces or counting the number of sides and 


corners on each face. 


AGEIVITY 1! 


Purpose: To provide experience in constructing triangles 
and squares and in comparing those shapes. 

Materials: Supply of square sheets of paper (approximately 
8" by 8''), scissors, glue and large sheets of manilla paper. Assign- 
ment cards containing instructions. 

Procedure: Each pupil or group receives an instruction 
card and the necessary materials. (For very young children it will 
be necessary for the teacher to read the instructions. ) 


The first card might look like this 
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Take a sheet of colored paper. Cut this 


sheet of paper to make 4 pieces which are 


the same shape and size. Be sure there is 
no paper left over. Glue each piece on 
your large sheet of paper. 

Can you cut another sheet of colored paper 
into 3 pieces of same shape and size? What 
is the name of each piece? 

Glue those pieces on the large sheet of 


paper. 


Another card might require pupils to cut out 4 triangles 
and put them together to make a square, which is glued on the sheet 
of large paper. 

Shapes other than triangles and squares can be investigated 
in this way. The child's involvement by shaping and comparing gives 
him an increased awareness of the characteristics and relative pro- 


perties of the shapes involved. 


ACTIVITY 12 


Purpose: To provide experiences in constructing two- dimen- 
sional shapes involving angles - a Euclidean concept. 

Materials: Supply of rubber bands and dowels (or straws 
and pipe cleaners) and instruction cards. 

Procedure: Many children will want to work independently; 


others may want to work with a partner. Each pupil should have a 
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supply of the materials which he needs. A period of free activity 
when children can construct any shapes they wish should precede any 
planned exercise. 

Cards such as the one shown below should accompany the 
activity for pupils who are able to read. The teacher will find it 


necessary to guide younger pupils. 


Use 4 sticks to make a closed shape on your 


desk. How many different closed shapes can 
you make if you use 4 sticks? 

Can you make more than 1 closed shape if you 
use 3 sticks? 

Can you make an open shape using 3 sticks? 
Make an open shape using 2 sticks. 

Make a box that will stand up by itself. 


How many sticks did you use? 


Another card might ask the question "Can you make this shape?" 


Or a card might ask "Can you make a shape like your classroom?" 


"Can you make a shape like your desk?" 


ACTIVITY 13 


Purpose: To provide experience in anticipating shapes and 
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patterns - an integration of Euclidean and projective notions. 

Materials: Supply of three dimensional cardboard shapes 
which can be easily dismantled. Each pupil needs a pencil and a supply 
of paper. 

Procedure: Teacher shows the class a cube and asks them 
to draw a picture of how the cube would look if it were ‘flattened 
out’. (Teacher demonstrates what she means by ‘flattened out'.) Each 
pupil receives a paper or cardboard cube which they can ‘flattened out' 
and compare with their drawing. 

The same procedure might be followed by using a cone or some 
other shape. 

Children sometimes find it an interesting exercise to make 
a pattern and then fold it to make a shape. This often results in 
children being quite amused by the unexpected shape and sizes which 


they form. 


ACTIVITY 14 


Purpose: To create an awareness of location within the 
Euclidean plane. 

Materials: Four sheets of paper, approximately 8" by 8", 
each of a different color. (Suppose colors are red, blue, green 
and yellow.) Four smaller squares of paper, approximately 4" by 4", 
of the same colors. Chalk or two long strings. An envelope at 
least 8" by 8". 

Procedure: The four small colored squares of paper are 
glued on one side of a cardboard square 8" by 8" to form a four- 


colored square to correspond to the colors of the four larger sheets 


a’ 


mors edas bas edu s ee evo waikient rempbegey$ 6 ye 


bonssael2' ere SE it Sool bivow! edud odd wor, 0 omIobg es seule 


dost (.'3u0 boastdeli' yd ansem ede Jsdw eotexszenomeb reriossT) ~*3u0 


'gu0 beastisit' nso yord daidw sdvuo breodbres 1O 4sS9qeq 8 geviese: itquaq 


.goiwerb ated3 Aviw eteqmoo bas 


amoe to sno & gntau yd bawollot sd jdgim siubs.o1g some sat 


-sqsda t9d30 | 


oism 07 oators%3 gotzasteial ob Jt bok? semttamoe aorbhis 
nt attvess assto ehd? .sqede s stam of 31 blol asid bas myesdeq & 
rotriw esste bas sqade bos seqxonu a3 yd bsevms sotup gated aaxbLide 
. -mzot yor 


¥yTivity 


afd ntiiziw cokssool Yo eastexaws 18 99897 oT resoqiud 
; .onatq nasbkroul 
«8B yd “8 yletamtxorqgs .19qsq to etosie wot > alatirotaM 
mes1g ,ovld ,bsx sxe etoloo sa@oqqu2) .10lop Jmets2tlb 6 to aan 


.& yd "A ylsvemtxorqqs ,teqeq Yo eouaupe 19ilema — (.wolfley bas 


18 sqolevne nA .agninie gnol ‘wd to aie) .etolos ewte od io iia 


| "8 ed “8 sion d 
e1s 199q8q Yo esxsupe bexalos a mor soft tguuhapoxt | 
=| +402 Boro} of "8 vd "8 otaupa foibles Yo oble | 


er ay aiid 8 ax0to0 oil sali age od sre 


yae - ji 7 ; “i i 
’ 
a i ‘ : ‘ 
7 ss 


J > i ant a 


155 


of paper. The floor of the classroom or the instructional area is 
divided into quadrants by a chalkline on the floor or by two lengths 
of string. In each quadrant is placed one of the large colored sheets 
of paper. One person sits at the intersection of the lines holding 
the colored card which has been made from the four colored squares. 
The quadrants of the card are thus colored to match the colored sheets 
of paper in the quadrants on the floor. The person sitting at the 
intersection will be called the 'flipper'. An example of the layout 


is shown below. 


Yellow 


~ Yella 


The class divides itself into four parts; one quarter of 
the class to each quadrant (each color). The 'flipper' positions 
the four-colored square so that the colors correspond to the colors 
in each quadrant. He then places the card in the envelope without 
rotating or otherwise turing the card. He then indicates to the 


first pupil in each quadrant, by turning the envelope, how the colored 
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card will be 'flipped'. The following are some of the flips which 


might be performed: 


red goes to green by 180° out-of-plane rotation or 90° 
counterclockwise in-plane rotation 


- red goes to yellow by 180° out-of-plane rotation or 90° 
clockwise in-plane rotation 


- red goes to blue by 180° in-plane rotation 


- red goes to red by 360° in-plane rotation. 


Obviously there are many possible 'flips' and hence many 
variations of moves which can be introduced into the activity. Diagonal 
flips are not permitted. 

After the 'flipper' has indicated the 'flip' which he will 
perform each of the four pupils goes to the color which he thinks is 
correct. The 'flipper' then removes the card from the envelope and 
actually 'flips' the card as was indicated. Each pupil then can 
verify in which quadrant he is supposed to be by looking at the four- 
colored square. If a pupil is in the wrong quadrant he must return 
to his original quadrant and wait his turn at the end of the line. 
The 'flipper' then gives the next four pupils in line a chance to 
play the game. 

Any combination of flips is permissable. After all pupils 
have moved to other quadrants by the flips of the card, each pupil 
must indicate to the 'flipper' which flips are necessary to get him 
back to his original quadrant. 

The difficulty of the activity can be increased by using 


complicated combinations of 'flips'. 
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AGTIVATY, 15 


Purpose: To provide experiences involving rotations in the 
Euclidean plane. 

Materials: Covered milk cartons, paper cut outs of shapes 
or numerals, glue and plain sheets of paper on which pupils will 
record their responses. 

Procedure: To prepare the milk cartons cut the carton down 
to about 4". Cover with plain paper. On the inside glue a numeral 
or picture to each of the four sides. Use a plain piece of cardboard 
which will completely cover the opening at the top of the box. Pupil's 
should work in pairs or in small groups. Each pair or group will need 
a carton and each pupil will need a sheet of paper on which he will 
record his responses. One pupil chooses a numeral or picture from 
one of the sides of the carton. The other pupil places the cover on 
the top and rotates the carton any multiple of 90°, which may be a 
combination of clockwise and counterclockwise turns. Before the 
cover is lifted the pupil who picked a numeral or picture indicates 
where he thinks his choice will be located. The cover is then opened 
and the pupil verifies his choice and records his answer as being 
right or wrong. He then takes a turn at rotating the carton as the 
other pupil makes a choice from the numerals or pictures. Scores 


are totalled after 10 turns each. 
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ACTIVITY 16 


Purpose: To provide exercise is predicting shapes in 
reflections - an activity in perspectives. 

Materials: A supply of transparences on which are drawings 
of various shapes, a supply of small cards contianing possible apearances 
of the shapes on the transpariences after reflection in the Euclidean 
plane, a sheet of paper the same size as the transpariences and divided 
into four equal parts by two lines, and a supply of small plain sheets 
for recording the pupils' responses. 

Procedure: Pupils should work in pairs. A transparency 


containing a shape drawn in one corner is laid on the grid as shown. 


[3] 


Small cards from which 
pupil may choose. 


The small cards containg the appropriate shapes are laid 
on the desk. They are not permitted to be moved unless the pupil who 
is predicting what a shape will look like when it is reflected or 
"flipped' in a certain way thinks a rotation of a small card is 
necessary in order to get the correct choice. Placing the small 
cards prior to flipping is necessary since rotation of the cards 
constitutes a different transformation. One pupil indicates how 


the transparency will be 'flipped' and the other pupil makes his 
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choice from the shapes on the small cards which have been provided. 
After the transparency has been 'flipped' the pupil can verify his 
choice and record his answer as being (/) or wrong (x). Pupils then 


change roles and the activity continues. 


ACTIVITY s17/ 

Purpose: To provide experiences in predicting shapes by 
rotations - exercise in co-ordination of perspectives. 

Materials: Geoboards, geopaper, supply of rubber bands. 

Procedure: The edges of the geoboard should be painted or 
covered with colored tape. For example, suppose the edges are 
colored, red, blue, green and white. Assignment cards containing 
instructions should be included for pupils who can read for themselves. 
The teacher will find it necessary to give oral instructions to 


younger children. An example of the assignment cards is show below. 


Make me 


Make me white 


All shapes are made at first with the white edge of the 
geoboard nearest the pupil. The assignment card indicates which 
transformation is to be considered in making the shape the second 
time. The assignment card above asks the pupil to make the shape on 
his geoboard with the white edge nearest him. Then the pupil is to 
trace the shape on a sheet of geopaper as it would appear if the board 


had the white edge turned up, that is, if the geobard were rotated ems 
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The pupil verifies his response by rotating the geoboard to the 


appropraite place. 
At first shapes which can be easily labelled before and 
after rotation should be attempted. Young children seem to get satis- 


faction from being able to name their constructions. An example is 


shown. 


"H'" becomes "T" 


on a line White 


edge 


White edge 


The rotations can be any multiple of 90° in either a clock- 


wise or counterclockwise direction. 


ACTIVITY 18 


Purpose: To assist in developing projective spatial 
abilities by forming and viewing shadows of objects. 

Materials: Light source. Some form of artifical light or 
sunlight could be used as a light source. The latter is preferred 
since it does not involve the setting up of any materials and con- 
sequently involves less obvious scientific aspects which could dis- 
tract from the purpose of the activity. 

Procedure: Start with pupils thinking of an image they 
would like to make on the opposite wall of the classroom or on their 
desk by placing their hands in the path of the sun's ray. Silhouettes 
of dogs and rabbits are not difficult to make in this way. Some 
children might like to use their whole body to form a silhouette. All 


the class can be involved, each taking a turn at forming the par- 
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ticular image which they have chosen and displaying it for the class 
to see. 

A next step in this kind of activity might involve the dif- 
ferent silhouettes which are possible from the objects commonly found 
in a classroom - pencil, eraser, book, ball, circular disk and so on. 
Children will usually experiment quite enthusiastically with this 
activity without much direction from the teacher. Towards the end 
of the activity the teacher should encourage discussion on the com- 
parison of shapes and their images. 

More advanced pupils might like to move in different positions 
relative to an object which is being held by his partner to try and 
find a viewpoint which resembles the image being cast by the sun's 
rays. Two pupils could take turns trying to find the corresponding 
location for different objects. Many pupils will soon come to a con- 
clusion as to the most appropriate place from which the object should 


be viewed. 


I. SUMMARY 

This chapter contains sample activities for elementary 
school mathematics based on the investigations into aspects of 
child development and the spatial abilities of young children. 

On the basis of those investigations and the activities 
included in this chapter it is recommended that activities in the 
following areas be included in a mathematics program designed for 
children in elementary grades: 


- classification of and familiarity with 3-D objects such as 
spheres, cubes, cones and polyhedrons 
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classification of and familiarity with 2-D objects such 
as squares, rectangles, triangles and rhombuses and other 
similar polygons 


topological aspects of closure, proximity, separation and 
order 


construction of 2-D figures by using pencil-paper, geoboards, 
paper cut outs and other concrete materials such as plasticine 


construction of 3-D shapes using sticks, straws, plasticine 
and other materials 


transformations in the Euclidean plane involving reflections 
and rotations by using geoboards and games related to 
transformational geometry. 
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TEST OF TOPOLOGICAL SPACE 


Appropriate items will be scored on the closure, proximity, separation 


and order properties of topological Space. Proximity will be scored by using 


a 5" by 8" transparent four part gird. 


Item Shape 
Number 


Scoring Procedure 


(L) CLOSURE - Each component is a closed 
figure 


(7) SEPARATION - Small circle does not touch 
larger closed shape 


{_) PROXIMITY - A four part grid is placed 
over the subject's response. 
The small circle must lie in 


quadrant four as shown at 
left. 


(J) CLOSURE - Each component is a closed 
figure. 


((] SEPARATION - Small circles do not overlap 
each other by more than one- 
tenth the diameter or separated 
from the end of the straight 
line by more than one-tenth 
the diameter. 


([) PROXIMITY- Three circles must lie in the 
quadrants as shown at left. 


() CLOSURE - Each component is a closed figure. 


(1) SEPARATION - Each small circle is represent- 
ed inside the larger circle and 
is disjoint from the larger 
circle and from each other. 


() PROXIMITY - Three circles must lie in 
quadrants as shown at left. 
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4, Linear Order No correspondence in order or if more than 


three errors in arrangement. 


If three errors in arrangement 


Beads are presented 
in circular order. 
Subject is to place 
similar beads on 
stick in the same Accurate representation. No errors in 
order. arrangement. 


If two errors in arrangement 


If one error in arrangement 
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5. Linear Order Scoring as in Model 4 


Beads are presented 

in the form of a 
figure eight. Subject 
is required to place 
similar beads on stick 
in the same order. 
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TEST OF EUCLIDEAN SPACE 


Appropriate items will be scored as follows: 


1. Closure - To compare with the closure aspect on the test of 


Topological Space. 


2. Presence of angles and straight lines to distinguish topological 


and euclidean properties. 


3. The extent to which attention has been given to relative length 
of sides and size of angles to investigate proportions and 


parallels. 


4, Abilities with horizontal and vertical axis to investigate sub- 
ject's abilities to operate in a co-ordinate system. 


een 
Number Shape 


ie 1. CLOSURE 


AB=BC=CD=AD. All Angles = 90° 


De 1. CLOSURE 
AB=CD, AD=BC. AB=5BC. 
All Angles = 90° 
Oe 1. CLOSURE 
B D 
AB=BC=CD=AD. 
Angles A and D = 140° 
Angles B and C = 40° 


scoring Procedure 


Pas 


PRESENCE OF ANGLES 
PRESENCE OF STR. LINES 


. £A=£B =£C =<D+10° 


AB=BC=CD=AD+1/5 


. PRESENCE OF ANGLES 


PRESENCE OF STR. LINES 


4A=4B=4C=4D+10° 


AB=DC+1/5 and 
AB=DC+1/5 


. PRESENCE OF ANGLES 


PRESENCE OF STR. LINES 


, ZA= G+10° . and 


< B= D+10° 
AB=BC=CD=AD+1/5 
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4, A 1. CLOSURE 2. PRESENCE OF ANGLES 
PRESENCE OF STR. LINES 
; 2 3. LA=LB=LC+10° 


AB=BC=AC+1/5 
AB=BC. Angles = 60° 


Description Scoring Procedure 

5. Horizontal Axis Material: Draw the picture you see here. 
One narrow-necked bottle (Investigator indicates the 
with straight parallel sides straight side bottle containing 
and a flat base, about 1/4 liquid. ) 
full of a colored liquid. 
An empty bottle similar to If the bottle with water is used 
the other bottle. Subjects will the water stay where it is 
will be given appropriate or will it move? 


pictures of the bottle. 


Draw on your picture of the bottle 
(tilted) where the water will be 
when it is tipped. 


(Bottle is tipped for child to see.) 
On another picture draw what you 


see. 
6. Vertical Axis Material: Draw a picture of what you see 
A narrow necked bottle with here. (Investigator indicates the 
straight parallel sides and line and weight hanging in the 
a flat base. A string with bottles) 
a small weight attached is 
fixed so that the string When the bottle is tipped (indicate 
hands parallel to the sides with an empty bottle) draw how 
of the bottle. The subject you think the string and weight 
will be supplied with will look. 
appropriate pictures of 
the bottle. (Investigator tips bottle contain- 


ing line and weight.) Draw what 
you see here. 
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APPENDIX C 


TEST OF PROJECTIVE SPACE 
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TEST OF PROJECTIVE SPACE 


PROBLEM 1. Place the rectangular base, two houses and ten matchsticks 
in clay base within easy reach of the subject. The investigator tells 
the subject that the new game is to make a straight fence between the 


two houses. (Investogator places houses in appropriate positions as 


shown. ) 


At this point a short training session is necessary in order 
to ensure that the subject is aware of what a straight line is. A 
straight line is drawn by the investigator and the subject's attention 
is directed to this. A number of other straight and curved lines are 
drawn until it is clear that the subject can distinguish a straight line. 

Now go back to the game of putting up a straight fence between 
the two houses. Emphasize that the line must be very straight. The 
investigator must not trace the straight line between the two houses 
with his finger. Be sure that the subject understands the instructions 
but do not interrupt him if he makes a mistake. Note any corrections 


subject may make. 


PROBLEM 2. Dismantle the line which the subject has made, put all the 
matchsticks back together beside the rectangular base. Place the houses 
as shown. Make certain that the subject understands the instructions. 


Procedure similar to that in Problem l. 
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PROBLEM 3. Dismantle the line which the subject has made and reposition 


houses as shown. Proceed as in Problem 2. 


PROBLEM 4. The circular disk is used instead of rectangular disc. 


Houses are positioned as shown. Proceed as in Problem 2. 


PROBLEM 5. Dismantle the line which the subject has made. Reposition 


houses as shown. Proceed as in Problem 2. 


PROBLEM 6. Reposition houses as shown and proceed as in Problem 2. 
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APPENDIX D 


TEST OF CO-ORDINATION OF PERSPECTIVES 
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TEST OF CO-ORDINATION OF PERSPECTIVES 


S ee cares position of SUBJECT. A, F, B, E and C indicate position 
of 'photographer'. R = Red Cone, B= Blue Cone, G = Green Cone 


Training Sample 


Procedure 


Subject is seated in front 
of display and the model of 
the 'photographer' is placed 
as indicated (A). Sketches 
1 and 4 are shown as choices 
of the 'photographer'. The 
investigator discusses with 
the subject why 1 is the 
correct choice and 4 the in- 
correct choice. This item 
is NOT scored. 


POSITION 1. Cover sketches 

1 and 4. Model of 'photo- 
grapher' is moved to position 
F. The subject is asked to 
pretend that the model is 
taking a picture of the 
"mountains' (represented by 
the cones). The choices 1, 

4, 6 and 7 are then exposed 
and the subject is asked to 
choose the sketch correspond- 
ing to the view of the 'photo- 
grapher'. Vocabulary and 
stories are chosen as are 
considered appropriate for 
each individual. The subject 
is encouraged to justify his 
choice by verbalizing but this 
does not influence his score 
on any item. 
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Position 2 


POSTEELIONec. “Cover all 
sketches. Reposition the 
model at KF. Procedure as 
in Position 1. Expose 
sketches 1, 3, 5 and 6 as 
choices. 


Position 3 POSITION 3. Cover all 


3 sketches. Reposition model 
Ab 2 to C. Procedure as in 
/ \ Position 1. Expose sketches 
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Position 4 
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POSITION 43 Cover all 


sketches. Reposition model 
to B. Procedure as in 
Position 1. Expose sketches 
i 2a eandaor 
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